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RCML History

The Research Council on Mathematics Learning, formerly The Research Council for Diagnostic and
Prescriptive Mathematics, grew from a seed planted at a 1974 national conference held at Kent State
University. A need for an informational sharing structure in diagnostic, prescriptive, and remedial
mathematics was identified by James W. Heddens. A group of invited professional educators convened to
explore, discuss, and exchange ideas especially in regard to pupils having difficulty in learning
mathematics. It was noted that there was considerable fragmentation and repetition of effort in research on
learning deficiencies at all levels of student mathematical development. The discussions centered on how
individuals could pool their talents, resources, and research efforts to help develop a body of knowledge.
The intent was for teams of researchers to work together in collaborative research focused on solving
student difficulties encountered in learning mathematics.

Specific areas identified were:

1. Synthesize innovative approaches.

2. Create insightful diagnostic instruments.
3. Create diagnostic techniques.

4. Develop new and interesting materials.
5. Examine research reporting strategies.

As a professional organization, the Research Council on Mathematics Learning (RCML) may be
thought of as a vehicle to be used by its membership to accomplish specific goals. There is opportunity
for everyone to actively participate in RCML. Indeed, such participation is mandatory if RCML is to
continue to provide a forum for exploration, examination, and professional growth for mathematics
educators at all levels.

The Founding Members of the Council are those individuals that presented papers at one of the first three
National Remedial Mathematics Conferences held at Kent State University in 1974, 1975, and 1976.
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SECONDARY MATHEMATICS ALTERNATIVE CERTIFICATION TEACHER
PROBLEM SOLVING

Brian R. Evans
Pace University
bevans@pace.edu

The purpose of this study was to understand alternative certification middle and high school
teachers’ mathematical problem-solving skills and perceptions. Participants were given a
problem-solving examination and required to reflect upon their students’ and their own problem
solving. Findings revealed there was a significant improvement in problem-solving scores for the
teachers over the course of the semester. Teachers perceived their students’ problem-solving
abilities as generally weak due to not understanding how to start a problem, lack of persistence,
and poor literacy skills.

Problem solving continues to be of high importance in mathematics education (Posamentier
& Krulik, 2008; Posamentier, Smith, & Stepelman, 2008) and is one of the five National Council
of Teachers of Mathematics (NCTM) process standards (NCTM, 2000). National Council of
Supervisors of Mathematics (NCSM) has considered problem solving to be the principal reason
for studying mathematics (NCSM, 1978), and it has been recommended that mathematics
content be taught from a problem-solving perspective (NCTM, 2000; Schoenfeld, 1985).
Additionally, problem solving continues to be of high importance as an element of the Common
Core Standards in which students must make sense of problems confronting them and persevere
in solving the problems.

In order to understand what problem solving is, first the definition of a mathematical
“problem” must be understood. Charles and Lester (1982) defined a mathematical problem as
task in which (a) The person confronting it wants or needs to find a solution; (b) The person has
no readily available procedure for finding the solution; and (c) The person must make an attempt
to find a solution. According to Krulik and Rudnick (1989), problem solving is a process in
which an individual uses previously acquired knowledge, skills, and understanding to satisfy the
demands of an unfamiliar situation. Polya (1945), in his seminal work How to Solve It, outlined a
general problem-solving strategy that consisted of (a) Understanding the problem; (b) Making a
plan; (c) Carrying out the plan; and (d) Looking back.

The purpose of this study is to understand alternative certification middle and high school

mathematics teachers’ problem-solving abilities and perceptions about their students’ and their
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own problem solving, which is critical in supporting them to teach from a problem-solving
perspective. NCTM (2000) said, “Problem solving is not only a goal of learning mathematics but
also a major means of doing so” (p. 52).

Theoretical Framework

In mathematics education, problem solving is the manifestation of constructivist learning, the
theory that students learn best through constructing their own knowledge, as promoted by
thinkers such as Jean Piaget and John Dewey. Authentic problem solving in mathematics is the
basis of reform- and inquiry-based instruction in mathematics (Clark, 1997).

It has been shown that teacher beliefs about student ability greatly influence instructional
practices (Nathan & Koedinger, 2000). Asman and Markkovits (2009) found teachers who are
unable to solve difficult non-routine problems were less likely to include these types of problems
on student assessments, even if they were willing to address such problems in their instruction.
Rosales, Santiago, Chamoso, Munez, and Orrantia (2012) have noted that in the classroom
problem solving can often take on a mechanized procedure in solving problems that involves
limited situational knowledge. To counter this, Hobbs (2012) promoted situating problems using
culturally relevant pedagogical techniques in order to help teachers better engage students from
diverse backgrounds. Capraro, An, Ma, Rangel-Chavez, and Harbaugh (2012) advocated support
for preservice problem solving and mathematics proficiency, particularly in open ended problem
solving situations.

Polya (1945) laid the groundwork for systematic approaches to solving mathematical
problems. Additionally, NCSM (1978) and NCTM (2000) have emphasized problem solving as
the purpose of mathematics instruction and a way of teaching.

Research Questions
1. What differences were there in problem solving scores between the beginning and end of the
semester in a mathematics content course for alternative certification teachers?
2. What were teacher perceptions of their students’ and their own problem-solving abilities?

Further, what differences in perceptions of their student and their own problem-solving

abilities existed between the beginning and end of the semester in a mathematics content

course for alternative certification teachers
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Methodology

The methodology of this study involved quantitative and qualitative methods. The sample
consisted of 34 new teachers in the New York City Teaching Fellows alternative certification
program enrolled in a graduate algebra content mathematics course for teachers that involved
rigorous derivations and proofs. Teachers were given a problem-solving examination at the
beginning and end of the semester. The problem solving examinations were different on the
pretest and posttest instruments and the problems presented were unfamiliar to the teachers. The
problems were selected from the literature. However, while the instruments were developed by
an experienced mathematics educator with background in mathematics problem solving, a
limitation is that the problem solving examinations were not analyzed for construct and content
validity and reliability. Finally, teachers were also required to reflect upon both their students’
and their own problem solving at the beginning and end of the semester.

Results

The first research question was answered using scores from the problem-solving
examination, and data were analyzed using paired samples t-test (see Table 1), which revealed a
statistically significant difference between pretest scores and posttest scores for the problem-
solving examination, and there was a very large effect size. Caution should be taken in
interpreting these results since it may be expected that teacher test scores would rise from pretest
to posttest. However, the problems on the posttest were different problems from the pretest and
were unfamiliar to the teachers taking the examination.
Table 1
Paired Samples t-Test Results for Problem Solving Ability

Problem Solving Examination Mean SD t-value d-value
Pretest 4.91 1.654 -8.679** 2.08
Posttest 8.35 1.649

N = 34, df = 33, two-tailed

**n<0.01

The second research question was answered using teacher reflections analyzed to determine
teacher perceptions of student problem solving as well as their perceptions of their own problem
solving. At the beginning of the semester teachers categorized their students as having weak

problem-solving abilities and skills. The most commonly reported problems were knowing how
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to get started and persistence. Teachers said many students did not understand the problems they
had to solve. At the end of the semester teachers found many of the problems they encountered
with their students in the beginning of the semester still persisted. Teachers felt there were
several things they could do to help improve their students’ problem-solving abilities and skills.
Most commonly mentioned were the steps to problem solving as outlined by Polya (1945).
Teachers commonly said that scaffolding and differentiated instruction could be used to help
improve problem solving in their students.

At the beginning of the semester teachers reported that they shared many of the issues that
their students have such as knowing how to start, persistence, understanding what the problem is
asking. At the end of the semester, most teachers said that having the algebra content class that
focused on derivations and proofs had improved their problem-solving abilities greatly. Several
used the phase, “I have come a long way,” referring to their problem-solving abilities. Many said
that it was the analytic nature of derivations and developing proofs that helped improve their
problem-solving abilities. Additionally, many found understanding how mathematics “works” in
the class furthered their analytic skills.

Conclusions and Educational Implications

Since there was an increase in problem-solving scores over the course of the semester it can
be argued that the a strong mathematics requirement for alternative certification mathematics
teachers, combined with their own teaching experiences, can lead to stronger problem-solving
achievement, which is important given the emphasis of teaching mathematics from a problem-
solving perspective (Clark, 1997; NCSM, 1978; NCTM, 2000; Posamentier et al., 2008). Future
research should examine how much of this is due to the effects of content classes for teachers or
how much is due to the effects of their teaching experience, particularly in alternative
certification programs.

Teachers perceived that students did not persevere in their problem solving because they
were reliant on the teacher giving them the solutions in previous years. While this reliance on
teachers providing solutions may be partially due to negative attitudes toward problem solving
held by the students (Arslan & Altun, 2007), it also could be a problem with teachers not giving
enough time for students to engage in problem solving. Perhaps there is a need to give students
more time in their problem solving, and to resist the temptation to simply “give” the solutions to

the students. This should be further investigated.
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One teacher said when he had time to work with one student individually he found great
improvement in the student’s problem-solving skills. Individual student attention is important to
improving student learning (Foote, 2009; Himley & Carini, 2000). Future research should
examine the impact of increased individualized attention on problem solving.

Strong problem-solving abilities and skills are essential not just in mathematics, but in other
subject areas and life in general. It is important that teacher educators be aware of their pre- and
in-service teachers’ problem solving perceptions both for the students and the pre- and in-service
teachers themselves. This is especially true for the many teachers who come to the profession
through alternative pathways who increasingly teach in high-need urban schools. It is important
that the students in high-needs schools receive the critical thinking and problem-solving
preparation that they need for success in life.
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PROSPECTIVE TEACHERS’ DEVELOPING CONCEPTIONS OF THE STANDARDS
FOR MATHEMATICAL PRACTICE

Scott A. Courtney
Kent State University
scourtnS@kent.edu

The movement to adopt the Common Core State Standards for Mathematics impacts not only
school districts and their teachers, but also university teacher preparation programs. In order to
productively implement and sustain the Common Core’s vision of developing mathematically
competent students, preparation programs must support prospective teachers’ development of
practical conceptions of the Standards for Mathematical Practice. This article describes middle
childhood (grades 4-9) pre-service teachers’ engagements with activities designed to reveal their
initial conceptions of the mathematical practices.

The national movement to adopt the Common Core State Standards for Mathematics has
situated school districts and their teachers in positions primed for change and reform. Along
with changes in mathematics content standards and their progressions, come increased emphasis
on mathematical processes and proficiencies—the Standards for Mathematical Practice.

The two consortia awarded federal grants to design the Common Core assessment systems
have indicated their respective assessments will include items and tasks requiring students to
apply and connect mathematical content with the mathematical practices. For example, PARCC
assessments will “include a mix of items, including short- and extended-response items,
performance-based tasks, and technology-enhanced items (PARCC, 2012, pp. 4-5)... [that] will
reveal students’ content knowledge and elicit evidence of mathematical practices” (PARCC,
2012, p. 8). Therefore, providing K-12 students with opportunities to not only engage in
problems, tasks, and activities that coherently connect content with the mathematical practices,
but also experiences at exhibiting evidence of such knowledge and habits of mind in their written
work, will become increasingly important as the Common Core assessments commence.

Literature Review

Although research regarding the mathematical practices is in its infancy, there exists a body
of research pertaining to those processes and proficiencies that ground them. There is a growing
body of research (e.g., Riordan & Noyce, 2001; Senk & Thompson, 2003) indicating that
students in classrooms that utilize reform curricula (e.g., aligned to NCTM standards) not only

perform significantly better on standardized achievement tests than do their counterparts in more

traditional mathematics programs, but also outperform these same students on tests measuring
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conceptual understanding, applications, and problem solving ability. Such results suggest
curricula that focus on the development of powerful processes and proficiencies can positively
impact student achievement. Research also highlights teachers’ difficulties in conceptualizing
and providing students with opportunities to engage in these same processes and proficiencies
(e.g., Jacobs et al., 2006).

Transition to the Common Core affects not only K-12 instruction, but also university teacher
preparation programs—yprograms that will produce the next generation of teachers charged with
enacting and sustaining Common Core’s vision in their (future) classrooms. Such programs
must provide prospective teachers with opportunities to experience, develop, and implement
instruction and assessments meeting the demands of the Common Core, and opportunities to
reflect on the impact of such instruction on their own and their (future) students’ learning.

The current report adds to emerging research into teachers’ conceptions of the mathematical
practices by exploring the following research question: How do prospective middle childhood
(grades 4-9) mathematics teachers (henceforth referred to as PSTs) conceptualize exhibiting
engagement in the mathematical practices in written work?

Methodology

As part of a recent mathematics methods course, I required PSTs to solve mathematics
problems (via “problem sets”) related to the six domains of the grades 6-8 content standards
(e.g., The Number System). Furthermore, PSTs were requested to solve the problems in a
manner they believed would exhibit engagement in the mathematical practices in their written
work. The majority of the problems were chosen from standards-based (i.e., reform) sources,
such as the Connected Mathematics Project.

The course consisted of 16 PSTs and was the second of two math methods courses in PSTs’
licensure program (grades 4-9). Data for this report pertains to Problems Sets #4 (domain:
Statistics and Probability) and #5 (Geometry), and consisted of PSTs’ written solutions, PSTs’
choices for which mathematical practice(s) they believed they exhibited engagement in, and
what PSTs took as evidence that any given practice had been engaged in. At the time PSTs were
given the problem sets, their main experiences with the mathematical practices (in relation to the
course) had involved supporting their images of what engagement in the practices looks like

during verbal classroom interactions. Such support included viewing and discussing video from
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the Inside Mathematics website. Furthermore, due to the timing of PSTs’ field experience (a
course component), there were no in-class discussions of either problem set.

Analysis was both quantitative and qualitative. Quantitative analysis consisted of summary
statistics and focused on the frequencies with which specific practices or practice combinations
were chosen by PSTs amongst a problem, a domain, particular problem characteristics, or by a
particular PST. Qualitative analysis involved the examination of PSTs’ written descriptions for
what they took as evidence that any given practice had been engaged in. Such analysis
attempted to identify and characterize those mathematical practice aspects that appeared to be
most influential in PSTs’ identification of any given practice.

Findings

For Problem Set #4, only 12 PSTs completed the part of the assignment requesting they solve
the problem and identify the mathematical practices (MPs) they believed students would engage
in and potentially exhibit in their written work. One additional PST completed this part of the
assignment for Problem Set #5. Furthermore, PSTs were asked to solve the problem and to think
about how students might engage in the problem, prior to or in concert with making their
practice selection(s).

Tables 1 and 2 display those practices PSTs identified for each of the seven problems of
Problem Set #4 and #5, respectively. Specifically, the tables indicate PST by name, problem
number (e.g., P1 is the first problem), and the mathematical practice(s) chosen (e.g., Amie
indicated problem #1 of Problem Set #4 involved MP.1 and MP.6). “None” indicates no

practices were identified for that problem.
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Table 1

Identified Mathematical Practices by PST and by Problem (Problem Set #4)

PST P1 P2 P3 P4 P5 P6 P7
Alejandra 7 1 8 3 1 1,3 1,3,4,5
Amie 1,6 7 2 2 none 1,2 4

Blondell 4,8 2,6 1,6 7 1 2 8
Bulah 2,4,5,6 1,5,8 1,5,6 3,5 1,3,4,6, 2,3,4,7 4
7,8
Jamie 1,8 1,5 6,8 1,8 1,5 none 1,4,5,6
Kelly 1,3,6 1,4,5 1,3,4,5 1,4,5,6 1,6 1,3,4,6 1,8
Kurt 2,4,7 5,6 2,3 1,4,7 2,4,5,7,8 1,8 1,4,6
Loraine 2 1 7 6 1 3 1,4,6,8
Myra 1,3,4,5 1,2,3,5 1,2,3,5 1,2,3,5 1,3,4,5 1,3,4,5 4
Neil 1,3,4,8 1,4,5 1,4,6,8 1,5,6 1,5,6 1,6 1,4,5,6
Stella 1,2,5,6 1,3,4,5, 1,3,7 1,2,4,5 1,2,5,7 none none
6,7
Valene 1,4,5,6, 1,4,5,6, 1,4,5,7 1,4,5,7 1,4,5,7 1,4,5,7 1,5,7,8
7,8 7,8
Table 2
Identified Mathematical Practices by PST and by Problem (Problem Set #5)
PST P1 P2 P3 P4 P5 P6 P7
Alejandra 1,4 4 3,7 3,7 8 1,3 3
Amie none 1 2 6 3 4 none
Blondell 3,7 4 4 4 2 4 4
Bulah 1,4,5 2,4,5,8 1,2,5,7 2,3,5,7 1,3,8 1,4,5,6 1,4,5,6
Carlene 1,4,7 1,4,6 2,4 1,3 3 2,4 2,4,7
Jamie 2,4 1 6,8 1,7 1,7 1,4,5 1,4,5
Kelly |1,2,3,4,6| 1,3,5,6 | 1,2,3,6 2,3 1,2,3 1,2,3, 4, 1,4,5,6
Kurt 1,4,67 1,4,7 6,7 4,6,7,8 6,7 1,2,7 1,3
Loraine 1,2 4 3 1,3 3,8 1,2 1,4
Myra | 1,3,4,5,6| 1,3,4,5 1,2,3 | 1,3,4,56| 1,2,3,6 | 1,3,.4,5,6 1,3,4,5
Neil 1,4,6 1,4,56 | 1,456 | 1,3,4,5 |1,3,5,6,8| 1,3,6 1,5,6
Stella 1,2,3 1,2,5,6 1,3,7 |1,2,3,6,7| 1,2,7 1,4 1,2,3
Valene 1,4,56 | 1,4,56,7| 1,456 |1,4,5,6,7| 1,568 | 1,456 1,2,4,5

As illustrated in the tables above, there was a reasonable degree of variability in the

mathematical practices (MPs) chosen amongst and within problems, and amongst and within

PSTs for each problem set. In addition, there was a reasonable degree of variability amongst the

combinations and number of practices chosen. For example, for problem #2 of Problem Set #4

(Table 1), the number of practices chosen by any one PST ranged from one (Amie) to six

(Stella). Furthermore, although Bulah and Blondell each solved problem #1 of Problem Set #5

showing very similar written work, Bulah identified the problem as involving MP.3 and MP.7,

whereas Blondell identified MP.1, MP.4, and MP.5.
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Although such results might be expected, considering the potential for idiosyncratic
interpretations of the mathematical practices, the interaction and overlap amongst practices
(PARCC, 2012, p.13), and the limited opportunities PSTs had to discuss and operationalize the
practices, my intent was to gather data with which to develop a baseline for PSTs’ conceptions of
the mathematical practices. Such a baseline would then serve to guide future engagements with
these and other teachers.

A particular interesting result involved the frequency with which certain pairs of
mathematical practices were identified. Figure 1 illustrates the frequency with which pairs of
practices were chosen by PSTs (weight of pair connection) for the two problem sets combined.

For example, MP.4 and MP.5 occur together in each of the combinations 1, 4, 5 and 4, 5, 7, 8.

Figure 1. Strength of mathematical practice pairs. This network graph displays the strength of
pairs of mathematical practices for Problems Sets #4 and #5 combined (generated with Gephi,

www.gephi.org).

As Figure 1 indicates, other than pairs that included MP.1 (e.g., MP.1 and MP.5), the pairs
MP.4 and MP.5, MP.4 and MP.6, and MP.5 and MP.6 occurred with the greatest frequency.
This result also held true when each problem set was examined individually. The frequency with
which the pair MP.4 and MP.5 occurred might be accounted for in light of their relationship
(modeling and using tools) in McCallum’s (2011) higher order structure to the practice
standards.

In order to attempt to explain the frequencies with which individual, pairs, or combinations
of practices were chosen by PSTs, I looked for potential relationships between the problems’
features and the practices selected. Particular features included: whether the problem asked for

an explanation, involved a realistic context, asked students to critique another’s reasoning or
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justify their statements, included a mathematical representation or object (e.g., diagram, table,
graph, formula, triangle), or requested a mathematical representation be constructed. The main
reason for focusing on the problems’ features was due to PSTs’ limited experiences with the
practices. As such, I anticipated much of PSTs’ decision making would be based on what they
deemed as relevant between the problems’ features and the practice descriptions provided in the
Common Core documents. Table 3 displays the problem features, the problems associated with
each feature (PS4: P6 indicates problem #6 from Problem Set #4), and the standard score for
each mathematical practice (MP).

Table 3

Mathematical Practice Standard Score by Problem Feature

Standard Score (z)
Explain Context Critique/Justify Includes Rep Requests Rep

PS4: P1, P3, P4 PS4: P1, P2, P4, | PS4:P6 PS4: P1,P2,P3, | PS4:P7

PS5: P1, P2, P3, P6, P7 PS5: P4, PS5 P4, P5 PS5: P1, P2

P4, P6 PS5: P1, P6, P7 PS5: P3, P4, P5,

P7

MP.1 1.78 1.80 1.89 2.12 1.50
MP.2 -0.44 -0.56 -0.13 -0.57 -0.79
MP.3 -0.13 -0.39 0.88 0.03 -0.67
MP 4 0.89 1.04 0.38 0.03 1.50
MP.5 0 0.27 -0.63 0.37 0.01
MP.6 0.13 -0.12 -0.63 -0.10 0.13
MP.7 -0.70 -0.88 -0.63 -0.57 -0.79
MP.8 -1.52 -1.16 -1.14 -1.31 -0.90

As Table 3 illustrates, problems involving a realistic context were associated with MP.4
being selected (z = 1.04). This was anticipated considering MP.4’s description, “Mathematically
proficient students can apply the mathematics they know to solve problems arising in everyday
life, society, and the workplace” (CCSSI, 2010, p. 7). For Problem Set #4, MP.5 was also
frequently chosen (z = 0.51) for “Context” problems, but not for Problem Set #5 (z = 0.03).
Problems explicitly requiring students to critique or justify were associated with MP.3 being
selected (z = 0.88). This result was also expected due to the nature of MP.3—*“Construct viable
arguments and critique the reasoning of other” (CCSSI, 2010, p. 6). Problems requiring students
to explain their work, their thinking, or their reasoning were associated with MP.4 being selected
(z=0.89). This result was surprising, since I anticipated such problems would motivate PSTs to

choose MP.3, “construct viable arguments” (CCSSI, 2010, p.6) and/or MP.6, “communicate
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precisely to others” (CCSSI, 2010, p. 7). The standard score for MP.4 was larger for such
“Explain” problems in Problem Set #5 (z = 1.08) than for Problem Set #4 (z=0.21).

Problems including a mathematical representation were only associated with MP.1. For
Problem Set #4 alone, including a representation (e.g., table, graph) was associated with MP.5 (z
= 0.80), suggesting PSTs conceived such representations as being tools. Alternatively, for
Problem Set #5, including a representation or object (e.g., a triangle), even for problems not also
asking for an explanation, critique, or justification, was associated with MP.3 (z=1.01). Finally,
problems requesting students construct a mathematical representation (e.g., table, chart) were
associated with MP.4 (z = 1.50), suggesting PSTs might have focused on MP.4’s statement,
“Mathematically proficient students...are able to...map their relationships using such tools as
diagrams, two-way tables, graphs, flowcharts and formulas” (CCSSI, 2010, p. 7).

PSTs were also required to articulate where and how they believed their written response
exhibited the chosen practice(s) being employed. Unfortunately, only five PSTs responded to
this request for Problem Set #4, and only four of those responded for Problem Set #5.

For PSTs, engagement in MP.1 was associated with employing or using a given or created
mathematical representation as part of the solution process. Specific instances included: “When
I created tree diagram to help me come up with the different combinations” (Neil) and, “Occurs
by understanding the box plot info and using it to solve the problem”(Jamie). Myra, who chose
MP.1 for all 14 problems, indicated, “The first thing...all students have to do...is to make sense
of problems and persevere in solving them. If a student cannot do this they have little to no
chance of solving the problem.”

Engagement in MP.4 was associated with creating and interpreting some form of
mathematical representation. Specific instances included: “Student must make a tree diagram to
find all possible combinations” (Alejandra) and, “When I drew my hexagons to explain my
answers” (Neil). Engagement in MP.5 was also associated with using or interpreting a
mathematical representation, which helps to explain the frequency with which these practices
were chosen in concert. Specific instances included: “When I used the graph to conclude my
answers (Jamie)” and, “Read and manipulate grid and picture to help you solve the problem”
(Myra). For Neil, the use of paper and pencil to draw geometric objects (e.g., triangles), as part

of the solution process, was indicative if engaging in MP.5.
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Finally, engagement in MP.6 was associated with the use of mathematical definitions, terms
and symbols, and with working with units. Specific instances included: “When I used clear
definitions” (Neil), “When dealing with units” (Amie), and, “Figure out what the “O” really
means and explain what the origin tells us about the triangle (Myra).

Discussion

Although the mathematical practices that students have the potential to engage in depends on
both the cognitive demand of the problem, task, or activity and its implementation, a teacher’s
(and their students’) conceptions of the practices also play a significant role. PSTs in this study
demonstrated restricted meanings for the practices—focusing on connected, but limited
components of the practice descriptions. Specifically, although having a realistic context
initially appeared to influence PSTs’ choice of MP.4, PSTs’ descriptions suggest a focus on the
creation and interpretation of mathematical representations (i.e., tools or models). PSTs’
descriptions for MP.5 suggest a focus on whether or not a mathematical representation was used
in the problem solving process. In addition, although some PSTs associated the use of
mathematical representations as a means to make sense of the problem (MP.1), Myra indicated
that engagement with MP.1 occurred almost by default (as long as the problem was able to be
solved). Future research must explore how to support teachers’ development of mathematical
practice conceptions of sufficient robustness to manage the development of similar increasingly
sophisticated habits of mind in their students. Furthermore, larger scaled studies examining
teachers’ conceptions of engagement in and exhibition of the mathematical practices over an
increased sample of problems covering each relevant domain would help identify those practices
or practice components that are the most difficult for teachers to operationalize, and provide
insight into how best to support teachers in enacting and sustaining Common Core’s vision of
developing mathematically competent students.
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The Tower of Hanoi is a traditional problem solving task for several fields of discipline.
Preservice teachers engaged with this task and provided reflective journals and questionnaires
which were used to answer two research questions: “What emotions do preservice teachers
experience before, during, and after the task?” and “How do emotions change across time?”
Journals were mined for emotional words/phrases; questionnaires were scored on a Likert scale
and then analyzed. Results indicated significant quadratic behavior in emotions over time.
Student voices in journals supported outcomes of qualitative and quantitative analyses.

If the student had no opportunity in school to familiarize himself with the varying
emotions of the struggle for the solution, his mathematical education failed in the
most vital point (Polya, 1957, p. 94).

The Tower of Hanoi puzzle has its roots in Cardano’s description of the Far East (Danesi,
2004). In 1883, Edouard Lucas, a French number theorist, marketed the puzzle as a brain teaser
(Poole, 1994). The puzzle is a popular task in mathematics and a traditional programming
problem in computer science. Kopecky, Chang, Klorman, Thatcher and Borgstedt (2005)
described its use in psychology and psychiatry to test for mental disorders, attention measures
and problem-solving efficacy.

The Tower of Hanoi task was used in the first of three mathematics content courses for
preservice elementary and middle school teachers. The task paired accessibility with high
cognitive demand, as well as a blend of challenge and intrigue. It encouraged students to
collaborate, communicate mathematically, and develop mathematical reasoning. The task models
Bruner’s (1966) successive modes of intelligence: enactive, iconic, and symbolic representations,
as students worked with concrete models, then recorded data, and finally identified recursive and

explicit formulas. Students wrote reflective journals; instructors noticed that there were
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emotional words or phrases indicating positive and negative feelings. A questionnaire was then
added, which was completed three times during the task: before, during, and after.

The purpose of this study was to examine the emotions reported by preservice teachers while
engaged with the Tower of Hanoi task. Qualitative and quantitative data were gathered from
reflective journals and a questionnaire. Research questions included:

1. What emotions do preservice teachers experience before, during and after engaging with

the Tower of Hanoi task?

2. How do emaotions change across the problem solving process?

Related Literature
Tower of Hanoi Task

Anderson, Albert and Fincham (2005) used the Tower of Hanoi task to identify brain regions
used when problem solving. The task uses different cognitive and motor actions in rapid
succession. By tracking the patterns of these actions across brain regions, they could predict
when participants were planning future moves.

Mau and D’ Ambrosio (2003) used the Tower of Hanoi task with preservice elementary
teachers, who wrote reflections on their experiences. Students shared inner tensions as they tried
to make sense of their own and others’ thinking. They described their insights in learning and
expressed increased interest in mathematics.

Emotion and Problem Solving

Emotion research began in the 1980s, showing that emotions have their own memory
pathways and serve as a critical source of information for learning. Experiences that are laden
with emotion are more easily recalled than neutral events (LeDoux, 1994), and fMRI scanning
showed that emotional events are more likely to be retained (Dolcos, LaBar & Cabeza, 2004).
Duvallet and Clement (2005) identified emotional manifestations in complex cognitive activities
by recording facial expressions and the degree and amplitude of skin conductance. They found
that emotions were observed more often when the subject was stuck or blocked than during the
exploratory phase. They concluded that emotions may guide the activity, especially when
making decisions.

Belavkin (2001) claimed that emotion always accompanies and makes a positive contribution

to the process of problem solving. Friesen and Francis-Poscente (2009) proposed that
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“experiences that are charged with mathematical emotion are not some kind of extraneous
distraction or curious side effect, but they are at the very core of involvement with mathematics”
(p. 166). Appropriate emotional conflict can positively affect psychological and learning
functions; emotions are not always hostile factors to be eradicated from the learning process.
Allowing both positive and negative emotions in problem solving is not necessarily demeaning
or detrimental (Allen & Carifio, 2007). In fact, Thompson and Thompson (1989) claim that
frustration is required in developing an appreciation for problem solving. Belavkin (2001) found
that positive emotions during problem solving were accompanied by increased motivation and
confidence.

Despite a common belief that emotion during problem solving can be disruptive, distracting,
and diminish performance, emotions experienced during problem solving have been found to
energize, organize, focus, and improve performance (Allen & Carifio, 2007). A challenging
problem coupled with success in finding a solution can inject positive feelings into schemas in
terms of success, rewards, satisfaction and competence (Allen & Carifio, 1995).

Methodology
Setting and Participants

The Tower of Hanoi task was purposefully planned for the first week of class and was
intended to set expectations for the course, including collaborative problem solving,
communication and justification. Students worked in table groups with manipulatives to model
the task, recorded the minimum number of moves on a table. They then worked together to
identify the recursive and explicit formulas for n disks.

Students (N = 275) were enrolled in the first of three content courses for elementary and
middle school preservice teachers at a mid-sized university in the southern U.S. The greatest
majority of students were female; approximately half were White and half were Hispanic; 80%
were seeking elementary certification.

Instruments and Analyses

Students wrote three-page reflective journals describing their engagement with the Tower of
Hanoi task -- how they thought about it, what they tried, methods they used, and what they found
in the end. These qualitative data were collected over nine semesters from 2004-2011. The

researchers 1) read each journal and identified emotional words or phrases, 2) grouped similar
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words or phrases, for example: frustrate, frustrated, and frustrating, 3) searched each stem (such
as “frustrat*”) across journals and 4) recorded a total count of occurrence for each word/phrase.

Allen and Carifio (1999) developed the Emotion Questionnaire as a 38-item instrument used
to evaluate various aspects of mathematical problem solving. The questionnaire measures
emotion (and four other traits) using category subscales with highly reliable internal consistency
estimates. This study focuses on the Emotional Activity category. Items within a category are
scattered throughout the questionnaire; some items are reversed. Each Likert-scale item is scored
from 1 to 6, with a higher score indicating a higher level of positive emotion (Carifio, 2004).

For this study, the researchers adjusted the questionnaire to six spaces for each sample item,
eliminating a center value (see Figure 1). Students completed the questionnaire three times
during class: after reading the problem but before attempting the task, during problem solving,
and upon completion of the task or the end of class. The researchers analyzed the Emotion
Activity scores across time using repeated measures.

Emotion Activity
Distressed R Delighted
Good L Bad
Successful L Unsuccessful
Frustrated L Satisfied
Proud L Ashamed
Pleasant L Unpleasant
Annoying L Pleasing

Figure 1. The paired items for Emotion Activity (adapted from Allen & Carifio, 1999).

Findings
Qualitative Data
Data consisted of 275 student reflections and 101 questionnaires. Analysis of the journals
returned a total of 116 words/phrases that indicated positive, negative or neutral emotions.

Fourteen of the words/phrases occurred in more than 35 journals (see Figure 2).
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Number of journals containing
Emotion word or phrase word/phrase (N = 275)
Difficult 118
Easy 112
frustrate; frustrated; frustrating 99
Hard 96
challenge; challenging 87
Simple 78
Fun 74
Interesting 66
confused; confusing; confusion 59
succeed; succeeded; success 54
excited; exciting 50
Enjoy 47
got stuck 38
accomplish; accomplished; accomplishment 37

Figure 2. Emotion words/phrases mentioned in more than 35 journals.

There were indications of the pairing of positive and negative emotions in student journals. A
student wrote, “It’s interesting to me because no one can really understand the wonderful feeling
of figuring something out until they have really been frustrated with the problem.” Some
students commented on the questionnaire in their reflective journals. A student wrote, “I also
liked the paper we filled out asking us about how we felt and stuff because it showed me how my
mood had changed throughout the activity from the beginning, in the middle, and at the end. |
noticed a big difference from my middle mood to the beginning and end mood.”

Quantitative Data

A general linear model was set up with the three repeated emotion measures as the dependent
variable. Individuals were considered as blocks; the variables gender, class grade, GPA and
degree program were independent variables, none of which were found statistically significant

and were dropped from the model. The analysis continued using a repeated measures procedure,
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resulting in a statistically significant difference across emotions for the before, during and after
measurements (F = 11.13, p < 0.0001). Results also showed a statistically significant quadratic
behavior using an appropriate contrast (F = 14.87, p = 0.0001). Additionally, using a HSD
Tukey’s analysis procedure, emotion score means after treatment were found significantly higher
from means during (p < 0.0001) and before (p = 0.0185) treatment.

Quadratic behavior over time was also indicated in student journals. A student wrote, “The
Tower of Hanoi was very challenging and frustrating at first. Then in the middle of trying to
figure out the puzzle I had a breakthrough and everything started to come together and I wasn’t
so frustrated. When | was able to solve the puzzle and figure out the pattern to solve it | felt

relaxed and very pleased that I was able to come up with the answer to the puzzle.”

Distribution of EMOTION
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Figure 3. Distribution of emotions before, during and after the task (Bins signify scored

questionnaires before, during and after engaging with the task).

Proceedings of the 40t Annual Meeting of the Research Council on Mathematics Learning 2013 | 21



Conclusions

Struggle and frustration during the task were balanced mostly by positive emotions at the
outcome, such as accomplishment and satisfaction. A student wrote, “I was definitely frustrated
again.... [ was so excited, way too excited for just having completed a math problem but I sure
felt like I accomplished something.” Another explained, “Even though it took a while for us to
solve it | felt really proud of myself afterwards. | felt like 1 had accomplished something that not
most people could.” Results from this study were similar to those found in the literature, that
challenge and struggle can be paired with satisfaction and accomplishment. When preservice
teachers are engaged with such tasks and find the value of working through frustration to elation,
it may help change their beliefs and attitudes toward mathematics.
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Functions play in integral and important role throughout mathematics. Many studies have
focused on college student understanding of function and have found them to be lacking. Few
studies however, have focused on teacher candidates’ understanding of function. Given that
middle school and high school mathematics teachers help students develop what we hope will be
a deep and flexible understanding of function it is important that their own understanding of
function be rich and well-developed. This study examined one group of mathematics teacher
candidates’ understanding of function. The results indicate that their understanding was limited.

The idea of a function, or at the very least, the anticipation of the idea of function can be
dated back as far 2000 B.C.E. and is evidenced in the work of the Babylonians and ancient
Greeks with one-to-one correspondence for counting and their extensive use of tables. However,
the notion of function, as we know it, did not arrive on the mathematics landscape until the early
1300’s and had its beginnings as a way of designating the correspondences between geometrical
entities. Over time the notion of function continued to develop and become associated with the
study of analytical expressions, thus securing a central place in mathematics (Burnett-Bradshaw,
2007).

The work of Oreseme (1323 — 1382) included “general ideas about independent and
dependent variable quantities seem to be present” (Ponte, 1992, p. 4). Some two hundred years
later Descarte (1596 — 1650) indicated a dependence between variable quantities in his work with
equations in two variables marking the emergence of the notion of functions as an individualized
mathematical entity. Furthering the idea of function was Newton (1642 — 1727) who
demonstrated how functions could be developed in infinite power series. While Leibnitz was the
first to use the term “function” in 1673, the study of function as a clearly individualized concept
did not arise for a few more decades at the end of the 17" century. Finally, as a result of “the
development of the study of curves by algebraic methods, a term to represent quantities that were
dependent on one variable by means of an analytical expression was increasingly necessary”
(Ponte, 1992, p.4), the term “function” was adopted. This was decided somewhere between

1694 and 1698 in an exchange between Leibnitz (1646 — 1716) and Bernoulli (1667 — 1748).
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Related Literature

Since the time “function” was established as an individualized concept in mathematics it has
played an important role throughout the mathematics curriculum. Cooney, Beckmann, and Lloyd
(2010) purport that “functions compose a major area of school mathematics that is crucial for
students to learn but challenging for teachers to teach” (p. 1). They continue by stating:

Learners often have a narrow view of functions. On the basis of their frequent use of
linear and quadratic function, students tend to limit the concept of functions to equations
or orderly rules. They frequently overlook many-t-one correspondences or irregular
functions that could be very useful in describing real-world phenomena (p. 1).

Understanding that “the concept of function is central to students’ ability to describe
relationships of change between variables, explain parameter changes, and interpret and analyze
graphs” (Clements, 2001, p. 745) is supported by the National Council of Teachers of
Mathematics. They advocate in their Principles and Standards for School Mathematics (NCTM
2000, p. 296) that instruction across all grade levels should “enable all students to understand
patterns, relations, and functions” (p. 296). Unfortunately, research studies indicate that
although, the concept of function is important in mathematics and should be developed over
many years with students, high school and college students have difficulty understanding
function with any depth and flexibility.

Studies conducted in the 70’s and 80’s well documented students’ difficulties with
understanding function noting, among other things, that their mathematical understanding related
to function often involved incorrect ideas and that the understanding they had developed was
often narrow in scope (See Leinhardt, Zaslvasky, & Stein (1990) for a survey of the literature).
The reasons cited for these challenges are plentiful and well documented, frequently pointing to
the notion that how students are introduced to functions and the problems they are asked to solve
related to functions are limiting (Buck, 1970; Dreyfus & Eisenberg 1982; Freudenthal,1982;
Herscovics, 1982; Kaput, 1987; Lovell, 1971; Orton, 1970; Sierpinska 1992; Tall 1996; Vinner
& Dreyfus, 1989). For example, a more recent study conducted by Clements (2001) included
thirty-five high school pre-calculus students. She found that only four could provide a definition
that was consistent with or similar to the mathematical definition which includes the idea that
every element in the domain must be mapped to a unique element in the range. Further, students

who participated in this study seemed to focus primarily on graphical representations of the
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function and applied the vertical line test in order to determine if a graph represented a function
or not.

Since research has documented that mathematics students in both high school and college-
level settings have limited understandings of function this raises questions about the developed
understanding of function of our high school mathematics teachers and high school mathematics
teacher candidates. Wilson (1994) examined the understanding of functions of one secondary
mathematics teacher candidate and found her initial understandings were primarily
computational (function machines, point plotting, vertical line test) and were in line with her
predominant view of mathematics as a collection of procedures. Further, Even (1993) found that
the prospective teachers in his study had a limited conception of function and it influenced their
pedagogical thinking about functions. The implication of his study was that with only a limited
conception of function themselves, these teachers would have no choice but to provide their own
students with rules to follow for functions without concern for understanding. While there have
been studies focused on mathematics teacher candidates understanding of functions, those
particularly focused on a multiple representations prospective of functions are not well
documented.

The National Council of Teachers of Mathematics has, for several decades, supported the
development of a rich and flexible understanding of functions that includes student work with
functions through multiple representations (NCTM, 1989; NCTM, 2000; Cooney, et al., 2010).
In light of this emphasis and the adoption of the Common Core State Standards for Mathematics
(2010) which includes functions as a primary strand for secondary mathematics students, this
study aimed to investigate one group of secondary mathematics teacher candidates’
understandings of function. Thus, the research question was as follows:

What are secondary mathematics teacher candidates’ understandings of function?

Methodology

This study, involving one class of secondary mathematics teacher candidates (N=7),
employed qualitative research methods to examine the research question and analyze the data. A
twenty-three item pre/post-test was developed using items from several sources (see list
following the References) and was constructed such that participants were asked to identify
whether what was presented was a function and to explain their reasoning. Functions were

presented on the pre/post-test in multiple representations including, graphical, verbal, pictorial,
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and tabular. Each type of representation was considered separate from one another for analysis

and scored using the following rubric:

Score | Criteria

0 incorrect answer, incorrect reasoning
1 correct answer, insufficient or incorrect reasoning
2 correct answer, correct reasoning

Both researchers scored the participants pre- and post-tests apart from one another and then met
to reconcile any differences in scoring until 100% agreement was found.

In addition to the pre/post-test, participants were asked to respond to the following journal
prompt that was included as part of the data for this study: What is a function? These data were
analyzed using the categories provided by Schwingendorf, Hawks, and Beineke in their 1992
article focused on students’ conception of function. Their categories suggest a hierarchical
understanding of function ranging from what the authors term as “prefunction” to “dependence”

as described below:

Prefunction: a response which appears to indicate little or no concept of function.
Action: a response which indicates a replacement of a number for a variable and then
computing to obtain a number where there is no indication of an overall process of
transforming a number to obtain another number.

Process: a response which indicates a coherent use of an input, a transformation, and an
output in a general way.

Correspondence: a response which indicates a correspondence between two variables.
Dependence: a response which indicates a dependence between two variables.

The data produced in response to the “what is a function?” prompt were analyzed
independently using the aforementioned categories by each researcher and then the results were
compared in an effort to reach consensus.

Setting for the study

The participants in this study were senior mathematics teacher candidates enrolled in a
methods course focused on the teaching Algebra and Geometry concepts. As such, they had
completed three years of a rigorous four-year undergraduate program in mathematics education
wherein fifty-one hours of their program coursework is mathematics. Most participants had

completed more than thirty hours of college-level mathematics beyond Calculus 1. During this
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semester, about half of the course readings and time in class were focused on the notion of
functions from the perspective of two big ideas: multiple representations of functions and
families of functions (Cooney, et al., 2010). The readings and activities for this course engaged
the students in learning about not only the multiple representations of functions and families of
functions (e.g., the concept of “parent functions” was a particular focus) as content knowledge
for teaching but also the importance of teaching their future students with these big ideas about
function as the focus.
Findings

The results of the pre- and post-test indicate little to no improvement in each of the 4

areas of focus and are shown in Tables 1-4 below.

Table 1
Graphical Representations

Item 1 2 3 4 5 6 7

Score Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post
0 17% 14% 33% 57% 17% 14% 17% 14% 17% 14%
1 33% 14% 17% 14%

2 67% 86% 83% 86% 67% 43% 83% 86% 83% 86% 83% 86% 83% 86%

Item 8 9 10 11 12 13 Overall
Score  Pre Post  Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post
0 17% 14% 33% 57% 17% 14% 17% 14% 15%
1 33% 14% 33% 14% 9% 4%

2 83% 86% 67% 43% 83% 86% 67% 86% 67% 86% 83% 100% 77% 81%

Table 2
Verbal
Item 14 15a 15b 15¢c 15d Overall
Score Pre Post Pre Post Pre Post Pre Post Pre Post Pre Post
0 33% 57% 17% 50% 29% 17% 14% 23% 20%
1 33% 14% 17% 17% 33% 20% 3%

2 67% 43% 50% 86% 83% 100% 33% 71% 50% 86% 57% T77%

Proceedings of the 40" Annual Meeting of the Research Council on Mathematics Learning 2013 = 28



Table 3
Pictorial Representation (Growth Patterns)

Item 16a 16b Overall
Score Pre Post Pre Post Pre Post
0 17% 17% 17%

1 67% 86% 67% 57% 67% 71%
2 17% 14% 17% 43% 17% 29%

Table 4

Table Format

Item 16¢ 16d 16e Overall
Score Pre Post Pre Post Pre Post Pre  Post
0 17% 14% 6% 5%
1 83% 86% 17% 33% 29%

2 17% 14% 83% 86% 83% 100% 61% 67%

The most improvement occurred in the area of verbal representations which may be due in
part to the fact that the participants were asked to not only solve a significant number of verbal
problems but also create a number of verbal scenarios to represent functions, disproportionate to
the other representations.

The participants’ responses to the prompt “What is a function?” revealed that five of the
seven participants possessed a process understanding of function while the other two indicated a
dependence and a correspondence understanding of function. Examples of the responses coded
as process understanding are as follows:

e A function is an equation that modifies an input value to produce an output value
such that no two outputs are derived from the same input.

e A function is an equation or system that produces only one output value for each
input value.

The participant’s response that was coded as correspondence stated, “There is only one
correspondence from each element in the domain to the range.” The participant’s response that
was coded as dependence stated, “A function is a way of representing an equation where the
output depends on the input.”

Discussion

Cooney et al. (2010) not only indicate that functions are challenging for students to learn and

teachers to teach but go on to say that “students in grades 9-12 need to understand function well

if they are to succeed in courses that build on quantitative thinking and relationships” (p.1).
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They further state that “the importance of understanding function and the challenge of
understanding them well make them essential for teachers of mathematics in grades 9-12 to
understand extremely well themselves” (p. 1). In their book, Cooney et al. (2010) identifies five
big ideas around which essential understanding of functions is developed. This study focused
primarily on one of these big ideas, the notion of multiple representations of function. “Functions
can be represented in multiple ways, including algebraic (symbolic), graphical, verbal, and
tabular representations. Links among these different representations are important to studying
relationships and change” (Cooney, et al., 2010).

The results of this study reveal that this group of secondary mathematics teacher candidates
has a limited understanding of the concept of function. Their ability to identify whether or not a
representation was a function and provide a satisfactory explanation was not as strong as what
might have been hoped for given they are near the end of their teacher preparation program.
When presented with a graphical representation, the participants overwhelmingly used the
vertical line test to determine if the graph represented a function or not. In line with Clements
(2001) findings, the participants in this study also applied the vertical line test to the drawing
included in one of the verbal representation problems indicating a lack of sophistication in their
understanding of function. Further, in their explanations on the pre/post-assessment, if the
participants provided a reason other than the vertical line test they overwhelmingly failed to
mention the “single-valuedness” of functions. They frequently indicated that one element from
the domain should “produce” or “be aligned with one element from the range” but rarely
indicated that this should be a unique relationship or that for each element of the domain, there is
exactly one element of the range.

Although this group of teacher candidates has successfully completed a significant number of
college-level mathematics courses, their conception and understanding of function is limited and
in some cases incorrect. Likewise, the limited nature of their explanations for why a particular
representation was or was not a function revealed that they may view mathematics as primarily
about computation and rules. These findings align with Wilson’s (1994) suggestion that
although it is important for secondary mathematics teacher candidates to consider advanced
mathematics topics, it may be more important that they are provided ample opportunity to reflect
on their own conceptions and understandings while learning (or re-learning) mathematics they

will have to teach.
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CHALLENGES IN THE MATHEMATICS PREPARATION OF ELEMENTARY
PRESERVICE TEACHERS

Carole A. Hayata
Texas Woman’s University
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Teachers (K-12), knowledgeable in both mathematics content and pedagogy are needed to guide
students’ learning in both content, and thinking and reasoning skills in this time of extraordinary
and accelerating change. The development of mathematical knowledge for teaching (MKT)
among 176 undergraduate elementary pre-service teachers during a mathematics methods
course and student teaching experience was studied over a nine month period. The results of the
Study suggested that the participants’ did not enter the course with a deep understanding of
mathematics concepts and that the absence of mathematical competence hindered their ability to
leverage the full opportunity of the course.

Educational policy focused on the improvement of mathematics skills in K-12 students
continue to emphasize development of students’ conceptual understanding and application of
mathematics concepts in addition to the procedural knowledge often associated with rote skills
(National Mathematics Advisory Panel, 2008). The emphasis on teaching students a deeper
understanding of mathematical concepts and the use of multiple strategies to support answers,
has been especially challenging for teachers whose own education in mathematics was most
likely centered on rote memorization of facts and rules (Ma, 1999; Stigler & Hiebert, 1999;
Schoenfeld, 2008). To address this challenge, teacher preparation programs are providing
beginning teachers with opportunities to learn how to use concrete models (e.g. counters, base-
ten blocks) to build conceptual understanding and connections between real world problems and
the abstract, symbolic notation used in higher mathematics courses. Mathematical knowledge for
teaching is the professional knowledge of mathematics necessary for teaching. MKT includes
both mathematics content knowledge and pedagogical content knowledge (Ball, Thames, &
Phelps, 2008).

Theoretical Framework

The theoretical framework of this study was based upon the (a) research on MKT, and (b)
research on teacher behavior. First, the MKT framework, grounded in the work teachers do, is
comprised of subject matter knowledge and pedagogical content knowledge. Subject matter
knowledge includes (a) common content knowledge (CCK), the mathematics expected of most

adults who graduate through the K-12 education system, (b) specialized content knowledge
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(SCK), or knowledge of mathematics specifically for teaching, and (c) mathematics on the
horizon. For example, knowing how to multiply 35 x 25 using a standard algorithm is CCK
expected of most adults. Teachers, on the other hand, also need to know how to detect
mathematical errors, determine if methods and solutions different from the ones they are familiar
with are valid, ask appropriate questions to probe student thinking and correct misconceptions,
and use representations to make connections, all examples of SCK. Pedagogical content
knowledge includes (a) knowledge of content and students, (b) knowledge of content and
teaching, and (c) knowledge of curriculum. Ma (1999) identified three periods in which
teachers’ subject matter knowledge develops (a) during their own schooling experiences
(students of mathematics, K-12 and college-level), (b) during a teacher preparation program, and
(c) while teaching students in the classroom. Although pre-service teachers have limited time
and experience in the classroom working directly with students, CCK and SCK can develop
without direct student interactions.

Second, teacher behavior and learning is influenced by subject matter knowledge, and
attitudes and beliefs towards mathematics, within a social context (Van der Sandt, 2007). When
considering teacher preparation, existing knowledge and beliefs are critical factors in
determining what and how teachers learn from educational experiences and these beliefs are
difficult to change (Kajander, 2010). Furthermore, the level of mathematical competence of pre-
service teachers prior to entering the preparation program greatly influences the focus of the
program itself. If pre-service teachers do not possess mathematical competence prior to entering
the teacher preparation program, then teacher educators must dedicate methods instructional time
to school-level mathematics. Teachers in the U.S. are caught in a cycle of low-quality
mathematics learning (Ball, 2003; Ma, 1999).

Although studies with pre-service teachers have documented growth in MKT within
mathematics content courses designed for teachers (e.g. Mathematics Education of Elementary
Teachers (ME.ET), 2009; Welder, 2007), there have been limited studies on the impact of the
mathematics methods course on the development of MKT. By design, the objectives of a
mathematics methods course focus on both content and pedagogical content knowledge.
Therefore, the purpose of this study was to investigate the impact of a one-semester mathematics
methods course, and follow-up full time student teaching assignment on the development of

MKT. The focus in algebraic reasoning, in particular two underlying components of algebraic
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reasoning, number sense, and algebraic thinking (Schoenfeld, 2008; Welder & Simonsen, 2011),
reflects the importance of mathematics literacy, especially in algebra, for students’ future
economic independence (Moses & Cobb, 2011).

Methods

The following research questions were developed to guide the study: (RQ1) What is the
impact of a mathematics methods course followed by a student teaching assignment on the
development of MKT in (a) number sense, and (b) algebraic thinking among undergraduate
elementary pre-service teachers, and (RQ2) what are the relationships between changes in MKT
in number sense and algebraic thinking and (a) participant demographics, (b) prior knowledge of
mathematics, and (c) attitudes and beliefs towards mathematics? Evidence for causality was
supported by the collection of longitudinal data from the same panel of participants, data on
dependent variables at the beginning of the study, and the use of confirmatory structural equation
analysis (Byrne, 2012; Johnson, 2001).

Participants (n = 176) were recruited during fall 2011 semester of their final year of a four-
year university teacher preparation program at a large public university in north Texas. Prior to
entering the fourth and final year of the preparation program, pre-service teachers are required to
take two mathematics content courses (for elementary teachers) in the mathematics department.
During fall 2011, participants were enrolled in an elementary mathematics methods course
(henceforth called Methods) taught by the College of Education. During spring 2012,
participants completed a full-time student teaching assignment (henceforth called Student
Teaching) over 15 weeks. The demographics of the study participants (e.g. 79% between 21-25
years in age, 13.1% Hispanic) were representative of the pre-service teachers enrolled in a
traditional university teacher preparation program in the United States (USDE, 2011). Although |
taught several sections of Methods in prior semesters, | was not teaching any of the Methods
sections during the time of the study.

In order to measure each participants’ mathematical content knowledge, a computer adaptive
test version of the MKT measures developed by the Learning Mathematics for Teaching project
(Hill, Schilling, & Ball, 2004) was administered to the participants at five time-points (every six
weeks) over nine months. The MKT measures were designed to measure both CCK and SCK,
addressed in the Methods course. The multiple time-points were essential to the growth model

analysis. The computer adaptive test version allowed for the (a) selection and adjustment of the
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level of difficulty for each participant, (b) efficient use of time, and (c) reduction in test fatigue.
Scores for number sense (elementary number concepts and operations) and algebraic thinking
(elementary patterns, functions, and algebra) were reported in standard deviation units based on
the expected performance of the average K-8 inservice teacher, mean =0, SD = 1. The MKT
measures have enabled the documentation of growth in mathematical knowledge among
elementary teachers participating in professional development and among elementary pre-service
teachers following the completion of mathematics content courses designed for teachers. When
the MKT measures were used with pre-service teachers, the level of difficulty was adjusted as
low as -0.25 since pre-service teachers have had less time in the classroom working with
mathematics curriculum (Welder, 2007).

In order to evaluate the influence of participant’s prior knowledge of mathematics, and
attitudes and beliefs towards mathematics, a background survey and an Attitudes and Beliefs
survey (henceforth known as AB survey) was adapted from the Student Assessment, Parts 1 & 3
from the ME.ET project. The background survey gathered information on participant
demographics and prior knowledge of mathematics (e.g. mathematics courses taken, exam
scores, high school GPA). The background survey was administered once at the beginning of
the study. Items on the AB survey were grouped into four factors: (a) usefulness of mathematics,
(b) multiple ways of doing mathematics, (c) nature of mathematics (rigor and precision), and (d)
processes of doing mathematics (enjoyment). The AB survey was administered to all
participants at each of the five time-points along with the MKT measures.

To evaluate the performance of the participants on the MKT measures and AB survey, as a
function of their progression through Methods and Student Teaching, the data was analyzed
using a piecewise growth model. MPlus statistical software (Muthén & Muthén, 1998-2010)
was used to model the longitudinal developmental trajectories of MKT (number sense and
algebraic thinking) and to identify possible influencing factors related to (a) demographics, and
(b) prior knowledge of mathematics from the background survey, and (c) attitudes and beliefs
towards mathematics from the AB survey. This confirmatory approach founded in structural
equation modeling, allowed for the analysis of data for inferential purposes, using longitudinal
data over multiple phases (Byrne, 2012; Johnson, 2001). A repeated measures ANOVA was
used to analyze changes in the AB factors over the nine months.
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Discussion of Findings

RQ1 — The findings from the study suggested that the university teacher preparation program
did not positively influence the development of MKT in either (a) number sense or (b) algebraic
thinking. In particular, there was no change in participants’ overall scores in number sense
during Methods and a decrease in Student Teaching (Figure 1). Furthermore, there was a
decrease in participants’ overall scores in algebraic thinking during Methods and no change
during Student Teaching (Figure 2).

MKT Measures Scores

-0.054

-0.154

0251 Mathematics in Grades EC-8 Student Teaching in Pre-K

through Grade 4
-0.35

-0.454
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Time-points

Figure 1. Piecewise Growth Model with Estimated Means — Number Sense. The mean initial
MKT measures score in number sense was -0.55 (S.E. 0.05). Although there were no
statistically significant changes during Methods (time-points 1-3) (slope = 0.03, S.E. =0.03, p =
.392), there was a statistically significant decrease during Student Teaching (time-points 4-5)
(slope =-0.16, S.E. =0.03, p < 0.001).
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Figure 2. Piecewise Growth Model with Estimated Means — Algebraic Thinking. The mean
initial MKT measures score in algebraic thinking was -0.47 (S.E. 0.06). There was a statistically
significant decrease during Methods (time-points 1-3) (slope = -0.16, S.E. = 0.03, p < 0.001),
though there was no statistically significant change during Student Teaching (time-points 4-5)
(slope =-0.02, S.E. =0.04, p = 0.653).

RQ2 — The statistically significant covariates (i.e. demographics, prior knowledge of
mathematics, and AB factors) identified for the initial MKT scores were as follows: (a) for
number sense, Hispanic, and the number of Advanced HS Math courses taken, and (b) for
algebraic thinking, the AB factor processes of mathematics (Table 1). The initial MKT scores
are indicative of the participants’ mathematical knowledge developed over their K-12 schooling
and college level mathematics courses. In number sense, participants who identified themselves
as Hispanic scored lower on the MKT measures while those who took more advanced high
school mathematics courses and believed mathematics was enjoyable and creative scored higher
at the beginning of the study. While in algebraic thinking, participants who viewed mathematics

as enjoyable and creative scored higher on the MKT measures at the beginning of the study.

Table 1.
Influence of Participants' Background & Attitude and Beliefs

Number Sense Algebraic Thinking
Intercept (time-point 1) Estimate (SE) 95% C.I. Estimate (SE) 95% C.I.
Hispanic -0.36* (.13) [-0.61, -0.10] -0.35 (.16) [-0.66, -0.04]
Advanced HS Mathematics  0.16* (.05) [0.06, 0.27] 0.11 (0.07) [-0.01, 0.25]
AB Factor: Processes of 0.20 (0.09) [0.03, 0.37] 0.33* (0.11) [0.12, 0.54]

doing mathematics

Note: * statistically significant after Bonferroni correction at p <.05
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The analysis of the four AB factors from time-points 1 to 5 using repeated measures
ANOVA suggested that over the nine month study, participants believed more strongly that there
was a single way to solve problems (p < 0.001) despite the learning experiences provided by the
Methods instructors to demonstrate multiple ways of solving problems. In addition, participants
found mathematics more enjoyable (p < 0.001) over nine months. The regression in participant
mathematical reasoning and the greater focus on finding the right answer may have limited
participants’ ability to think out of the box and to think about higher mathematics effectively.

Overall, the participants’ lack of growth may have been due to incorrect assumptions about
incoming pre-service teachers core mathematical skills. Participants had a weaker mathematical
background entering Methods relative to other studies of pre-service teachers using the MKT
measures. These previous studies either used the measures as published (mean = 0), or created
forms using MKT items with mean = -0.25 (ME.ET, 2009; Welder, 2007). The initial MKT
scores for the study participants were: (a) mean = -0.55 for number sense, and (b) mean =-0.47
algebraic thinking. The Methods course was designed based on prerequisites that may have been
inconsistent with the actual pre-service teachers’ mathematics aptitude. Thus, participants may
have been incapable of leveraging the full opportunity of Methods.

The results of the study were discussed with a panel of three university Methods instructors
(all full-time faculty). The instructors believed that the attitudes and beliefs of the participants
towards mathematics may have contributed to their low performance. Elementary pre-service
teachers are characteristically fearful of mathematics due to lack of success as a student of
mathematics themselves. In addition, the high cognitive demand of the MKT measures
combined with a low level of mathematics understanding may have resulted in frequent
guessing. Participants may have also lacked motivation when completing the measures as they
were not tied to their course grade. Suggestions for further study included: (a) administer the
MKT measures to pre-service teachers as they enter the first mathematics content course, then
increase the time between time-points ending with Student Teaching, (b) provide a greater
incentive to motivate participants, and (c) conduct personal interviews with participants to gain
further insight as to how participants perceived the measures and how they selected their
answers.

Although the participants’ demographics were typical of students enrolled in a traditional

elementary teacher preparation program, the initial low-level of mathematics knowledge and
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deep rooted belief in a single way of solving mathematics problems may have limited the impact
of the Methods course. In order to successfully match learning strategies and activities with
students, situations, and opportunities, teachers must have a deep understanding of mathematics
content, a large repertoire of pedagogical strategies, and the ability to make decisions about
which tool will be the most effective in a given situation.

In practice, the three periods of a teachers’ development of mathematics knowledge is
greatly influenced by the pre-service teachers’ own schooling. The relatively short period of
time spent in the teacher preparation program may only be able to begin reshaping their prior
experiences. Based on the findings of this study, recommendations include (a) the re-evaluation
of minimum teacher preparation program entry requirements for mathematics content
knowledge, and (b) review the current Methods curriculum, and (c) for new teachers already
entering the field, participation in continued professional development focused on both
mathematics content knowledge and reform-based pedagogy in order to strengthen teachers
conceptual knowledge of mathematics and to continue to peel away deep-rooted beliefs towards
mathematics.
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In a mathematics content course for preservice early childhood teachers (PSTs), an interview
project is used to analyze whether the PSTs can learn to listen to, analyze a child’s mathematics,
and inform their mathematics and teaching. Our study suggests that this project is an effective
tool for changing PSTs views of the discipline of mathematics and what it means to teach
mathematics.

In the teaching principle, the National Council of Teachers of Mathematics (2000) called for
teachers to have not only a deep understanding of the content that they teach, but also knowledge
of their students. To make this type of reform in mathematics education possible, Thompson and
Thompson (1994) contended that classroom discourse and communication are essential
elements. They suggested that teachers “must be sensitive to children’s thinking during
instruction and shape their instructional actions accordingly—to ensure that children hear what
they intend them to hear” (p. 279). If the current practice of assessment and instruction is to
change, how might this change occur? Where does such reform begin? We believe it should
begin with preservice teacher (PST) education.

As instructors of the first mathematics content course in a sequence of four courses for early
childhood majors, we want the PSTs to develop an intuitive number sense. We also believe that
they need to work toward communicating using precise mathematical terminology to construct
and justify arguments. A major part of the work of teachers is to interpret their students’
solutions and determine the reasonableness of answers and evaluate the efficiency of methods.

While the early childhood program is field-intensive, unlike many elementary education
programs, the PSTs in our program never take a mathematics specific methods course. Because
we feel passionate about integrating pedagogical experiences into their content courses, we
decided to create an experience where PSTs were required to listen to and learn from children.
Ultimately we want PSTs to allow what they learn from children to influence how they think
about their own mathematics and allow it to inform their teaching. In this sense they will be
assessing a child’s developmental level with respect to whole numbers. For this project the PSTs
are required to describe a child’s mathematics, analyze the child’s mathematics using the

framework from the course, apply their analysis to inform their instructional decisions (if they
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were to work with this child again), and to discuss any on-the-spot instructional decisions they
made while working with the child.

Field experiences are repeatedly identified as the most significant part of teacher preparation
programs (Mclntyre, Byrd, & Fox, 1996; Mewborn, 2000). However, more field experiences do
not always lead to productive growth for PSTs (Mclntyre, et. al., 1996). Experiences in the field
can simply be used to socialize PSTs into traditional ways of teaching mathematics, and PSTs
rarely have opportunities to reflect critically about these experiences (Mewborn, 2000). Typical
field experiences take place in a classroom full of students. In this setting, the focus tends to be
on management concerns, and PSTs do not get to focus on mathematical content and making
sense of children’s mathematics (Mewborn, 1999). Our hope is that having them work with and
reflect on one or two children’s mathematics, they will be more ready to focus on what students
know and how they learn while they are engaging in their field experiences each semester.

Literature Review

As the PSTs are engaged in an interview with one or two students, we are aware that this is
one of their first experiences in listening to and responding to children in mathematically
productive ways. “Clearly, the act of unpacking learners’ mathematics requires listening to
students” (D’ Ambrosio, 2004, p. 139). Davis (1996) suggests that while you can’t observe
listening occur, you can infer how a teacher is listening through how they respond to students.
You can also infer how a teacher is listening by what they are listening for and what they choose
to ignore. Questioning is one way that teachers respond to students. Questions are instructional
decisions that can often occur on the spot or some may be planned in advanced. Questions can be
categorized in three different ways: probing, prodding, and prompting. Probing involves
questions to determine what or how a student is thinking, prodding questions are intended to
keep a student acting mathematically, and prompting questions attempt to elicit a specific
response or strategy to a task (Abney, 2007).

We also encourage the PSTs to construct a model of their child’s mathematics, where they
can both describe and analyze the child’s mathematics, we have found it helpful to provide them
with a conceptual framework of children’s whole number development. We discuss the
Cognitively Guided Instruction (CGI) framework for classifying story problems, counting
strategies, or other strategies. The CGI researchers identified several problem types through their

interactions with children. We expose our PSTs to four basic structures for story problems

Proceedings of the 40" Annual Meeting of the Research Council on Mathematics Learning 2013 = 43



involving addition and subtraction: join, separate, part-part-whole, and compare. The join and
separate problems involve an action and can have a result unknown, a change unknown or an
initial unknown. The part-part-whole and compare problems have no action, which tends to
make those more difficult for children to solve (Carpenter et. al, 1999).

There are additional frameworks from the work of Steffe and von Glasersfeld (1983; 1988) to
help teachers to consider how children’s mathematical thinking develops from direct modeling
strategies to more abstract and sophisticated strategies. These frameworks help teachers think
about how to use children’s current ways of operating to inform their instructional decisions.
Children often begin solving story problems by directly modeling the story with counters or
using counting all strategies (Olive, 2001). It is not until children are able to see a group of
objects as a unit that they are able to count on to solve story problems. Children at this level are
said to be numerical and are counters of abstract unit items. Since counting is no longer rote for
them, they are said to have constructed their initial number sequence (INS). At the next
numerical stage, which can be characterized as INS Plus, children are able to use the counting
down strategy more effectively and they have now determined that it is more efficient to solve an
addition problem by counting on from the largest number in the problem rather than the first.
Thus, these children have constructed the commutative property of addition. Children who are at
the next level can solve all types of problems without the use of counting. They are able to take
numbers apart and put them back together in more convenient ways. They are said to be
Strategic Additive Reasoners (SAR) (Steffe, et. al, 1983). The CGI researchers call these
strategies using number facts.

Methods

We wanted to systematically study what PSTs get out of the interview project within the
context of a subject matter preparation course. In particular, we wanted to know if the project
design meets the goals we set. For instance, did the PSTs learn to listen to children to inform
their mathematics and their instructional decisions? Were they able to identify counting schemes
or strategic additive strategies that the child used when solving the CGI story problems? Were
they able to use their own mathematics to recognize the mathematical validity of a child’s
method?

There were 26 participants in our study, all of whom were taking a Numbers and Operations
Course designed specifically for Prospective Early Childhood PSTs. For all of the PSTs, this was
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the first time that they worked with a child to learn to listen to and be responsive to the child’s
mathematics. This project involved PSTs working in pairs to interview an elementary-age child
to allow them the opportunity to see how capable children are of solving problems. We analyzed
the work of thirteen pairs by coding instances of description, analysis, and instructional
decisions. Sources of data came from PSTs’ written reports along with their presentations of the
interview, and their peers’ responses to their presentation. We were particularly looking for PSTs
who seemed to be striving to understand their own teaching, their child’s mathematics, and the
way in which it can inform their practice.
Findings
Description and Analysis
All PSTs were able to describe the children’s mathematics using the language that they
learned in class. Their descriptions were informed by frameworks including CGI and Steffe et.
al. They used language such as direct modeling, counting on, counting all, INS or SAR. In their
written reports the PSTs tended to simultaneously describe the child’s mathematics and analyze
their descriptions. One PST wrote:
...she was definitely numerical. Alex was able to count with the counters and had no
trouble counting on. She also used strategic reasoning for many of the problems and was
able to explain to me how she worked it out....When I asked her how to solve six plus
seven, she said she knew this “because six plus six is twelve and one more for seven.”
This is a perfect example of “near doubles”. She used the basis of a double she knew and
added on one. When I asked her four plus nine, she knew this was thirteen because “ten
plus four is fourteen and take away one”. She used the base of ten and added on from
this.
This PST was able to precisely describe what the child did to solve addition problems; she was
able to name these strategies, such as counting on and strategic reasoning. She was also able to
correctly identify that the child’s mathematical actions indicated that the child was numerical.
During the class presentation, the PST was able to write a series of equations and name the
mathematical properties in order to analyze the validity of the child’s strategic reasoning. This is

the series of equations that she wrote:
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6+7 4+9

=6+(6+1) Substitution =4+(10-1) Substitution
=(6+6)+1 Associative Property =(4+10)-1 Associative Property
=12+1 =14-1

=13 =13

Instructional Decisions
Even though this was the first time the PSTs had worked with children in this capacity, it was

evident that many instructional decisions were made, both planned and spontaneous. All reports
included at least one spontaneous instructional decision. One example was based on what a pair
of PSTs observed their child do to confirm their belief that the child was at the INS+ level of
whole number development. This pair of PSTs wrote the following in their report:

Her approach proved to me that she can use the commutative property. She began with

the larger number although it appeared after the smaller number in the problem. To

reinforce this I asked her a similar question (I replaced the numbers with 6 and 9 in that

order) and she still chose to start with the 9. | asked her why she chose to start with the 9

instead of the 6 since it was first in the problem and she told me it was easier to start with

9 because it was the bigger number. This supported my belief that she understood the

commutative property and was at least INS+.
This excerpt shows the PSTs recognition of the mathematical properties that often were the focus
of the content course on Numbers and Operations. It was evident that they were able to make
their content knowledge usable in their work with children. They were also able to use the
framework from class to analyze the child’s mathematics. However, in order for this analysis to
occur they had to use questions to probe the child’s mathematics. It was clear that these PSTs
were intentional with their choice of ordering the numbers in the problem. It was clear that these
PSTs were listening for a particular strategy, specifically counting on from largest. They had a
hypothesis, and used a specific task to test that hypothesis. We believe that this is an important
part of the research process. Besides probing questions, which are information seeking, we also
saw evidence that the PSTs used prompting questions to elicit a particular response.

On the project description we asked the PSTs to respond to the question, “if you could

continue to work with this child, what concepts or kinds of problems do you think would be

productive work for her or him?”” 12 out of 13 pairs were able to thoughtfully respond to this
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question. However, 8 pairs weren’t able to pinpoint any specific concept or relate their
instructional decision back to the framework. In this excerpt it seems clear that these PSTs are
searching for what might be on the cusp of what is possible for the child.
If we could continue working with this child [we would give him] problems or concepts
involving subtraction with greater values and more division problems so that he
comprehends he is actually doing division. Other problems that would be applicable to
this student are those involving remainders and fractions. This is where his ZPD is
located. We think this because he can do both multiplication and division sufficiently and
accurately, but we are curious as to whether he fully comprehends these concepts. If we
could see him work with numbers in fractions and as a part of a whole we might get a
better feel for his future potential and understanding of the material.
Four pairs of PSTs were able to specifically address the levels in the framework and suggest
directions for the child’s mathematics related to particular types of word problems.
If | were to continue to work with Allyson, | would probably encourage her to explore
more strategic ways to solve problems. She depended on the counters for much of the
interview, which suggests she is not entirely comfortable with solving word problems in
her head or without some sort of physical visual. Perhaps with more practice and more
strategic reasoning, Allyson could move from the INS+ level to SAR.
While this pair of PSTs was able to discuss pushing the child from the INS+ Level to the SAR
Level by getting the child to become less reliant on physical materials, they were not able to give
specific problems or tasks that would encourage this next level of reasoning. One such example
might be using a cup or some cover so that some objects are left unseen.
Discussion
The PSTs in our interview project were able to describe and analyze the children’s
mathematics using the framework from class. They were also able to make some instructional
decisions. However, because any future instructional decisions were hypothetical, they lacked
focus and were mostly explorational. This leads us to ask the question, would it be worth the
time and additional efforts from our students’ perspective to have them conduct at least a second
interview with the same child. We feel that this would give them the opportunity to go beyond

the interview and force them to make the instructional decisions.
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We strongly believe that this interview project has a great impact on the PSTs and will
change the way they previously felt about teaching mathematics. Some of the typical reflections
from the PSTs about the overall project highlighted their connection of theory to practice, seeing
different ways to do mathematics, and making instructional decisions based on children’s
mathematics. One pair of PSTs noted:

We learned a lot about how to apply different concepts like counting from largest,
different kinds of word problems, how to figure out a child’s strategy, and so on. We not
only learned a lot from having to analyze everything Kylie was doing, but Kylie actually
ended up teaching us a lot as well! We learned new strategies and realized how much
children can teach you about how they think. They can analyze problems so much
differently than adults, and sometimes their way seems to work better. In conclusion, we
not only cannot wait to begin teaching students, but in turn, learn from our students.
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The Curriculum Research & Development Group has developed A Modeling Approach to
Algebra, a curriculum created to support ninth-grade students’ effort to learn Algebra I. Funded
by a contract with the Hawai ‘i State Department of Education, materials were developed to
support struggling learners by emphasizing modeling mathematical content and practice as
described in the Common Core Curriculum Standards for Mathematics. In this paper we discuss
the curriculum research and development from a design research perspective.

To successfully complete the mathematics requirements created by adopting the Common
Core State Standards in Mathematics (CCSSM) (National Governors Association Center for Best
Practices, Council of Chief State School Officers, 2010) raises the bar for students. This is of
particular concern for Algebra I, the traditional entry point to high school mathematics. Such is
the case in Hawai’i where pre-algebra is no longer a high school course. Partially as a result of
these policies, approximately one in three students do not succeed in high school Algebra I
(Gottlieb, personal communication, Spring 2011). To address the Algebra I failure rate, a course,
Modeling our World (MOW), focusing on modeling and opportunities to learn mathematics in a
more investigative manner was established. Although designed for struggling learners, MOW 1is
not remedial and is intended to be taken concurrently with Algebra I.

The Curriculum Research & Development Group (CRDG) at the University of Hawai’i was
contracted to design and develop the curriculum materials for the MOW course. The CCSSM
together with CRDG’s previous curriculum research and development projects, e.g. Algebra I: A
Process Approach (Rachlin, Matsumoto, Wada, & Dougherty, 2001), Reshaping Mathematics
for Understanding (Slovin, Venenciano, Ishihara, & Beppu, 2003), provided a research base
from which to begin the development for MOW. The modeling standards embedded in the

CCSSM were established as the framework around which to build the materials. This paper
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describes the research and development process for developing the curriculum materials, A4
Modeling Approach to Algebra (AMAA) (Curriculum Research & Development Group, 2012).
Background

Since the term mathematical modeling has various meanings in curricular discussions and
implementations, previous research and resources were examined to begin the research and
development process (Galbraith & Stillman, 2006; Indiana Mathematics Initiative, 2012; and
Lesh & Zawojewski, 2007). AMAA follows Lesh and Zawojewski’s suggestions that students
begin their learning experiences by developing conceptual models for making sense of real-life
situations and then create, revise, or adapt a mathematical way of thinking by using modeling for
problem solving. In this way, students simultaneously gain an increased understanding of both
the problem situation and their mathematization of the problem.

Initially, nearly 60 HIDOE mathematics department chairpersons and other school and
curriculum leaders organized in focus groups responded to questions addressing three areas:
student preparation for algebra, students’ use of modeling in mathematics, and an effective
course of study. Major emerging themes were bridging concrete and abstract representations,
language and communication issues, and the need to build students’ affective domain.

Curriculum Framework

Materials in AMAA are designed around the premise that learning algebra requires more
than memorizing formulas and finding answers. The development of the materials followed
five tenets foundational within all CRDG mathematics curriculum projects:

(a) problem solving is the method of instruction to introduce new topics or concepts; (b)

communication through reading, speaking, writing, critical listening, and representing

mathematics in multiple ways helps students clarify, validate, or refute ideas; (c)

development of understanding from a conceptual level to a skill level occurs over time;

(d) new learning experiences are built upon previously developed understandings with

common threads running throughout; and (e) challenging but accessible problems having

multiple solutions at varying levels of complexity (open-ended) allow children of diverse

abilities to respond (Slovin, Rao, Zenigami & Black, 2012, p. 4).

The lessons emphasize the use of models, promote the investigation of open-ended problem
solving tasks, and provide appropriate pacing for students to develop concepts, generalizations,

and skills. In addition, there is heavy emphasis on the CCSSM eight Standards for Mathematical
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Practice throughout the investigations and communications. Students are asked to model,

represent, graph, write about, and discuss their strategies for investigating and solving problems

as they begin to internalize algebraic ideas and develop an understanding of algebraic techniques.
Methodology

Design research is highly interventionist and requires researchers to work closely with
teachers while collecting extensive feedback and data for re-design and revision (Cobb, Confrey,
Disessa, Lehrer, & Schauble, 2003). Circumstances of working with the HIDOE necessitated an
adaptation of the design phase. Our adaptation of this approach for the research and development
of AMAA began with an initial design and development followed by implementation of
materials in a small set of classrooms. During this process there was a review of materials and
discussions between researchers and teachers implementing the materials. From these results the
materials are being revised and will be re-implemented in other settings.

Aligned with the CCSSM

The content and practice of modeling provide coherence for the lessons. High school
standards specific to modeling and appropriate for the Algebra I course of study were selected as
the basis for AMAA. The resultant curriculum is a mixture of problems and investigations
situated in real and practical settings where students experience mathematics in accordance with
the modeling cycle diagram in the CCSSM (2010, p. 72). Extended explorations and problems
from pure mathematics are also included.

The AMAA content is organized according to the five critical areas identified for Traditional
Pathway: High School Algebra I, Unit 1 Relationships Between Quantities and Reasoning with
Equations, Unit 2 Linear and Exponential Relationships, Unit 3 Descriptive Statistics, Unit 4
Expressions and Equations, and Unit 5 Quadratic Functions and Modeling. A preliminary unit,
Unit 0 Getting Started, introduces students to problem solving investigations and processes used
in the course. Because students for whom this course was intended often do not have experience
conducting mathematical investigations, Unit 0 problems highlight modeling, specifically, the
modeling cycle suggested by the CCSSM (2010, p. 72—73). Lessons provide opportunities for the
class to establish norms for an environment critical for productive classroom discourse. Unit 0
also initiates the focus on standards for mathematical practice that students will be expected to

embrace with greater proficiency as they progress through the materials.
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Format of AMAA lessons

The investigations introduce and develop concepts through carefully constructed problems.
These investigations give students the opportunity to use aspects of modeling to interpret
problematic situations; understand the goals of a problem; conjecture, represent, test, and revise
various approaches to solving the problem; and report on results. Students are encouraged to
offer alternate solutions and solution methods, question others’ methods and results, and reflect
on their own understanding. Major student projects are included in Units 3, 4, and 5 and are
designed to be more open-ended to encourage students to employ problem solving skills while
investigating complex problems.

Digital files

Technology that provides students the opportunity to interact with dynamic representations
of concepts for classroom instruction is integrated throughout the curriculum. The use of
technology focuses on using graphical representations for data, encourages conjecturing and
validation, and emphasizes relationships between quantities. Prepared documents in TI-Nspire
Teacher software include lessons with specific TI-Nspire™ documents (i.e., a .tns document)
with suggestions in the teacher materials for how to use them during instruction. These
documents are intended to develop the beginning concepts or enhance and extend algebraic ideas
of the lessons.

In addition to print materials, student pages, teacher notes, and annotated student pages are
also formatted using the TI-Nspire PublishView™ feature of TI-Nspire Teacher software for
teachers’ instructional purposes. Documents are linked so teachers can use TI-Nspire Teacher
software to present a problem to students; link to Teacher Notes or Annotated Students Pages for
assistance during instruction; link to an interactive TI-Nspire document for whole class
discussion; or, if available, send to students’ TI-Nspire handhelds. Occasionally, links to
websites are provided to introduce a problem or for background information.

The development of the teacher materials reflects our work in numerous professional
development projects (Olson, Zenigami, Slovin, & Olson, 2011) and feedback from teachers
designated to implement the AMAA materials. Teacher notes are designed and developed as
educative materials (Davis & Krajcik, 2005) and include annotated student pages for each lesson.
As educative materials, the teacher notes clarify the mathematical ideas students are expected to

learn, and when appropriate include explanations of the mathematics beyond what the students
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are expected to pursue. Teacher notes are intended to help with lesson planning by providing a
summary of the content and objectives for the investigation, highlighting opportunities to model
with mathematics, and anticipating student thinking and possible responses—including common
misunderstandings. The notes list materials needed and describe ways that technology can
enhance student learning as well as provide an alternative approach to understanding the
relationships within the lesson.

The annotated student pages expand the material from the student book with notes for
managing the investigation and suggest questions to prompt discussion. Questions are intended
to indicate topics and ideas important to the investigation. As students become familiar with the
instructional approach, they are expected to raise these issues themselves or pose the questions
spontaneously to extend a problem or probe its mathematical content.

The investigative, problem-based approach changes the roles of teachers and students. The
suggested pedagogy is student-centered, with students and teacher sharing ideas in the classroom
mathematical community. Students should be explaining their thinking, questioning their own
and others’ ideas, and analyzing suggested strategies. The teacher should orchestrate the
discussion with thought-provoking questions, select examples of student work to be shared when
doing so furthers the learning opportunity, and provide suggestions for techniques of
mathematical inquiry and discussion when students need guidance.

Implementation of materials

Feedback on teacher implementation of the initial set of materials is used to inform the
development work and to determine if what is taking place in the classroom matches the intent of
the course. In response to an announcement about the initiation of the MOW course
accompanied by course materials and teacher training, 17 teachers from high schools throughout
the state participated in professional development in Summer 2012. Seven of those teachers and
four additional teachers not trained during the summer are implementing AMAA in MOW
courses. Support for these teachers also includes four follow-up sessions during 2012-2013 to
learn more about AMAA curriculum materials and approaches for teaching lessons, modeling
and the CCSSM, student expectations, and technology integration. During follow-up sessions,
teachers share with and learn from other teachers, ask questions and pose teaching problems, and
provide valuable feedback to CRDG researchers. Data is collected on such matters as the

appropriateness of lessons by discussing lessons that worked well and lessons that were
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problematic or in which engaging students was difficult; work of students; the suggested length
of time for each lesson; appropriateness of physical materials; critiques of the use of technology;
and suggestions for changes in the materials. Upon the completion of each unit, teachers provide
feedback to specific items via Google forms.
Data Sources for Curriculum Revision

The initial implementation of AMAA has provided several opportunities for the research and
development team to collect data for curriculum revision. Although MOW was intended to be
co-requisite to Algebra I, most schools have allowed students to take just the MOW course. Due
to this situation, the information received regarding the appropriateness of the materials has not
been as useful as desired. Data sources used to develop insights for curriculum revisions include
classroom observations, professional development sessions, teacher reports, and student work.
Classroom observations

CRDG researchers are conducting classroom visits with the expectation to complete one per
quarter per pilot teacher. An observation form is used as a guide to note how students are
engaging in lesson activities, ways teachers are presenting MOW investigations, the nature of
classroom discourse, how teachers are using MOW resources to deliver lessons, and what
technology is being used and in what manner. The person conducting the visit then completes an
online version of the form.
Feedback during follow-up sessions

At the beginning it was difficult for teachers to use the problem solving approach and
implement the modeling cycle. However, over time, teachers are sharing ways that students are
becoming more accustomed to this. Teachers see success in the quantity and quality of student
work and in student communication.
Teacher reports

Some teachers have reported steady progress on their students’ work while others continue to
report students are slow to embrace the content and style of the course. One special education
teacher, “Laile”, has had success in using the questions and format of the basic modeling cycle.
She posted these in the classroom and regularly refers students to them. She created and displays
a Problem, Formulate, Compute, Interpret, Validate, and Report poster with descriptions of each

along with a rubric, and reminds students to use those for their reports. Her poster reminds
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students to organize their reports “so the students can get into the habit of looking at the problem
and devising their own questions in their thought process.”
Student work

We identified lessons for teachers to collect and submit students’ work. Teachers were asked
to select at least one student each at high, middle, and low levels of achievement. For example,
while most students emphasize the answer and the steps taken to generate their answer without
describing why the process was valid, Laile is primarily focusing on getting students to
communicate what they are doing. She shared students’ work and how they were writing reports
and compared several examples of earlier work, where students wrote a few sentences, to their
current work, which filled a page or more and was organized neatly.

Impact on Revisions

From the data collected through the professional development, observations, teacher reports,
and examples of student work there are several changes being planned.
Use of the modeling cycle

Other teachers have embraced the use of the modeling cycle suggested by Laile for students
to organize their work and write reports with similar success. The use of the modeling cycle will
be more prominent in the revised materials.
More explicit guidance for teaching lessons

Teachers desire more direct information on conducting a lesson than has been provided. This
is especially crucial due to the demands made on both the teacher and students related to the
problem solving approach used in AMAA. These changes will be reflected in both the Student
Pages and in the Annotated Student Pages.
More explicit discussion of the mathematics needed for teaching

Teachers have requested more in-depth explanations of the bigger picture of the lesson
content in the Teacher Notes. They desire more connections in the unit overviews between the
content within the unit and the content across units. They also requested more answers with
explanations.
More explicit guidance in how to use the digital components

Teachers report not using the digital components very much, either because they have not

taken time to prepare for its use or that they are not sure how to use it. Now that they are seeing
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how the PublishView software and the .tns documents can be used, teachers see the relevance of
their inclusion and desire more professional development on their use.
Conclusions and Implications

Throughout the process of curriculum research and development using a modified design
research model, the project has been able to create curriculum materials based on the modeling
cycle. The initial implementation suggests that this approach appears to serve struggling students
and their teachers. It provides struggling students problems that are accessible and include
structures that allow for appropriate scaffolding for the students. The AMAA problems allow
teachers to include substantial work for students on the standards for mathematical practice.

The process of creating AMAA has generated useful insights for the design research process,
and allowed the creation and validation of material appropriate for at-risk students. Our revised
materials will be useful for other districts facing similar challenges that AMAA addresses.
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This study explored the influence of curriculum and experiences in a mathematics content course
had on pre-service teachers’ mathematical empowerment as reflected in their beliefs about
mathematics and mathematics teaching and learning. The results indicate that the pre-service
teachers increased their feeling of mathematical power and their beliefs about mathematics
teaching and learning were impacted by a college-level mathematics course taught in a non-
traditional manner.

Empowerment denotes “the gaining of power in particular domains of activity by individuals
or groups and the processes of giving power to them, or processes that foster and facilitate their
taking of power” (Ernest, 2002). The National Council of Teachers of Mathematics (1989)
introduced the idea of empowerment related to mathematics teaching and learning to a much
broader audience of mathematics educators with the publication of the Curriculum and
Evaluation Standards for School Mathematics. NCTM stated the following:

Mathematical power denotes an individual’s capabilities necessary to explore, conjecture,
and reason logically as well as the ability to use a variety of mathematical methods
effectively to solve non-routine problems. This notion is based on the fact that
mathematics is more than a collection of concepts and skills to be mastered. It includes
methods of investigating and reasoning, means of communication, and notions of context.
In addition, for each individual it involves the development of personal self-confidence
(NCTM, 1989, p. 5).

Developing the mathematical power of students is a noteworthy goal but unfortunately it is
predicated on the notion that teachers of mathematics themselves are mathematically
empowered; that their beliefs about the nature of mathematics, how mathematics should be
taught, and their own mathematics abilities allow them to be confident and flexible. They must
be able to solve non-routine problems and hold a view of mathematics that it is more than a
collection of concepts and sills to be mastered. In this way, there is an inextricable connection
between one’s beliefs about mathematics teaching and learning and one’s mathematical

empowerment.
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The research presented in this paper encompassed challenging pre-service teachers’ beliefs
about mathematics and mathematics teaching and learning while asking them to reflect upon
their beliefs. The study took place with students in a university level mathematics content course
focused on number theory, sets, and functions that integrated content and pedagogy as Cooney
(1999) suggested. The structure of the course was consistent with reform teaching practices as
opposed to a traditional university mathematics classroom structure. The following research
question guided the study:

What influence, if any, do pre-service teachers believe the curriculum and experiences in
this mathematics course have on their mathematical empowerment as reflected in their
beliefs about mathematics and mathematics teaching and learning?

Related Literature

The notion of empowerment, in mathematics education literature, is often used to mean the
same as autonomy or efficacy. In order to avoid confusion, the word empowerment will be used
solely in place of the other two throughout this paper.

Mathematical, Social, and Epistemological Empowerment

Mathematical empowerment involves gaining power over the domain of school
mathematics which entails using and applying the language, practices, and skills of mathematics;
likewise, it has cognitive and semiotic perspectives which are complementary (Ernest, 2002).
The cognitive psychological perspective of mathematical empowerment involves the
procurement of concepts, skills, facts, and general problem solving strategies whereas the
semiotic perspective demands the development of power over the ‘texts’ of mathematics. These
powers over the ‘texts’ of mathematics include the abilities to read and make sense of
mathematical tasks, transform text into smaller tasks, pose problems and write questions, and
make sense of text in computational form (Ernest, 2002).

Social empowerment encompasses the use of mathematics to increase a person’s life chances
and critical participation in work, study, and society (Ernest, 2002). In a utilitarian way,
throughout history success in mathematics (often judged by performance on examinations)
serves as a ‘gatekeeper’ or ‘critical filter’ controlling access into further education as well as
occupations with greater pay (Ernest, 2002; Lemann, 1999; Oakes, 1985; Oakes, Ormseth, Bell,
& Camp, 1990; Stanic, 1986; Standards, 1989). Moreover, researchers have long noted the

perceived inequity in mathematics education for women and other minorities (Fennema &
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Sherman, 1977; Oakes, 1985; Oakes, Ormseth, Bell, & Camp, 1990; Sells, 1976; Walkerdine,
1997).

Epistemological empowerment concerns both one’s confidence in the use of mathematics
and a “personal sense of power over the creation and validation of knowledge” (Ernest, 2002, p.
8). It is in this category that the professional empowerment (or pedagogical empowerment) of the
mathematics teacher falls. For many teachers and students, past experiences supports and
sustains their belief that knowledge is created, legitimized, and exists outside of themselves. It is
with this conception of empowering the learner that teacher mathematical empowerment can be
seen as equally vital.

Pedagogical Empowerment

Pedagogical empowerment (or professional empowerment) refers to teachers developing
into autonomous and reflective participants in education. Empowered teachers contain the
confidence to critically assess and construct mathematics teaching and learning experiences with
and for their students (Ernest, 2002). Szydlik, Szydlik, and Benson (2003) found that the culture
and socio-mathematical norms of the classroom affected a change in pre-service teachers’
mathematical beliefs as well as served to further their autonomy. Socio-mathematical norms
established in the classroom are distinct from social norms in that they are unique to mathematics
classrooms (Yackel & Cobb, 1996). For example, adequate justification is a social norm in many
subject areas but what constitutes as relevant and elegant for proof of a claim remains exclusive
for mathematics. Additionally,

what becomes mathematically normative in a classroom is constrained by the current

goals, beliefs, suppositions, and assumptions of the classroom participants. At the same

time these goals and largely implicit understandings are themselves influenced by what is

legitimized as acceptable mathematical activity. (Yackel & Cobb, 1996, p. 460)

The socio-mathematical norms established in the classroom studied by Szydlik et al. (2003)
were shown to affect their participants’ autonomy. These participants indicated that they were
“now aware that mathematics is a human creation and they can be a part of making mathematics
themselves” (p. 272) in a culture that views mathematics as making sense. Additionally,
Anderson and Piazza (1996) found that a classroom practice that eliminated lecture as the main
form of instruction together with the use of physical models (manipulatives, pictures, diagrams)

served to reduce students’ anxiety about learning and teaching mathematics and increase
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students’ confidence. Because beliefs are socially and contextually constructed, many preservice
teachers’ views of teaching mathematics are consistent with the ways in which they experienced
mathematics learning (Ball, 1990; Cooney, 1999). For many preservice teachers, the beliefs they
bring with them are created from an “apprenticeship of observation” (Anderson & Piazza, 1996)
during their many years of schooling (Ball, 1988; Ball, 1996; Calderhead & Robson, 1991;
Philipp, 2000). Consequently, it is possible that the culture of the classroom can contribute to the
empowerment of pre-service teachers mathematically and pedagogically. This study sought to
explore the relationship between beliefs about mathematics and mathematics pedagogy and the
impact on preservice teacher empowerment as told from their perspective. This study sought to
intentionally explain the participants’ experiences from their perspective as much as possible in
the vein of their own words.
Methodology

The Setting for the Study and the Participants

The design of the course in which the study was conducted incorporated a view of pre-
service teachers as social constructors of knowledge—as entering the teacher education program
with preconceived beliefs (and knowledge) about mathematics and mathematics teaching and
learning formed through an apprenticeship of observation during their formal education
(Anderson & Piazz, 1996; Ball, 1988; Calderhead & Robson, 1991; Philipp, 2000). Instruction
was situated in a university level mathematics content course focused on number theory, sets,
and functions among a reform model based upon conceptual rather than a procedural orientation
with a focus on meaning making, connections, patterns, justification, and dialogue. Because the
relationship between reflection and perturbations are vital to change in teacher beliefs,
perplexing classroom experiences were developed which evolved throughout the course of the
study. The goal throughout this course was to provide an opportunity for a new kind of
“apprenticeship of observation”, to develop “teachers’ ability and their desire to think seriously,
deeply, and continuously about the purposes and consequences of what they do—about the ways
in which their curriculum and teaching methods, classroom and school organization, testing and
grading procedures, affect purpose and are affected by it” (Silberman, 1970, pg. 472) as well as
reflect on their own belief systems. The classroom did not follow a “traditional” format in that
lecture was eliminated as the primary form of instruction during classroom learning experiences.

Instead, group work and active learning using manipulatives, pictures, and diagrams were the
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emphasis during class time. A concerted effort was made to establish social norms in the
classroom that supported and encouraged discourse, investigation, and questioning. The
students’ beliefs about mathematics and mathematics teaching and learning were deliberately
perturbed through the structure of the class (learning experiences, social norms, etc.).
Additionally, writing assignments were incorporated that addressed beliefs (although not always
explicitly).

The participants for this study were students from a small 4-year college located in a
community comprised of approximately 17,000 people in the southern Midwest region of the
United States. All participants were preservice teachers enrolled in a mathematics content course
intended for early childhood and elementary majors although there were a few participants
taking the course that had other majors such as special education. The research study included
two sections of the same mathematics course focused on number theory, sets, and functions
totaling 47 students of which 37 chose to be participants: 35 females (95%) and 2 males (5%).
Research Method, Data Collection and Analysis

Teacher action research was a natural research method for this study because it “develops
through a self-reflective spiral of planning, acting, observing, reflecting, and then replanning,
further implementation, observing, and reflecting” (Burnaford, Fischer, & Hobson, 2001, p.43).
It allowed for continual action, analysis of data, reflection on the data and the course and
opportunities to make adjustments based on those reflections. Data were collected over a period
of time of about four months. The majority of the data were collected from participants’ writing
as part of the course structure via short answer response questions on exams and homework
assignments, but other sources included a personal journal, student metaphors, and classroom
conversations. The variety and amount of data compiled helped to advance a more complete and
accurate sense of the participants’ perspectives, experiences, and beliefs.

Despite being personally invested in the research, a teacher researcher can take steps to retain
validity and be purposeful in the level of rigor involved with the use of systematic analysis of the
data, peer examination and discussion, as well as triangulation (Bartlett & Burton, 2006;
Foreman-Peck & Murray, 2008). For this study, a systematic analysis of the data involved a
constant comparison method of coding and theming (Strauss & Corbin, 1998); peer examination

and discussion entailed corroboration and examination of the findings and themes with a peer;
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triangulation necessitated examination of the themes from participants’ responses, my reflective
journal, and the peer discussions.
Findings

Analysis of the data revealed that participants’ perspectives about the nature of mathematics
as well as their selves in relation to mathematics changed significantly for many students. It
appears that their altered beliefs about mathematics and the culture of the classroom dynamically
interacted to affect their mathematical autonomy. Students enjoyed learning mathematics and
had greater confidence in their mathematical capabilities. One participant stated

| think, in general, most of the experiences in this course have enhanced my confidence
and enthusiasm for mathematics. Being encouraged to work with out-of-the-box
algorithms has expanded my perceived horizons and opened up a new field of interest for
me.

Participants’ perceptions about the way in which mathematics is “done” as well as their
feelings about mathematics changed over the course of a semester in this non-traditional
mathematics content course. Many felt more comfortable with the mathematics that they would
eventually teach and found a new appreciation for mathematics in general; a few expressed that
they even grew to like mathematics. Participants talked about this change in confidence levels
extensively; some excerpts from their writings are as follows:

e After this class, math is still not my most liked subject, however it isn’t my most
disliked either. I do feel a lot more confident in teaching math to students now that |
have had this class.

e | think that this course has made me more confident in learning math because it made
me realize there was not just one way to find the “answers” to math problems... Iam
not sure that | will ever really enjoy math but I am not so afraid to take it on now.

e This class has changed my thoughts about math in many ways. Before this class |
hated math and | struggled in all my other previous math courses. This class has
showed me that math can be enjoyable and that I can do well in this course and not
just squeeze by.

Furthermore, after taking a course structured in a non-traditional format that focused on
conceptual understanding, meaning-making, answering “why,” and working in groups,
participants’ reported feeling more confidence in their mathematical ability as well as their

pedagogical skills to teach mathematics. They spoke about their mathematical and

epistemological empowerment related to understanding the mathematics. Participants often
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linked mathematical empowerment with pedagogical empowerment; they described their
newfound confidence to teach others the mathematics content they felt comfortable. For
example, one student stated “I know I will be able to teach certain math well because I
understand it,” and another said “Since taking this course, I have already begun to help my
friends and younger siblings with their mathematical endeavors. | think that with more practice |
will be an effective teacher with more than just my stronger subjects.”

Although, separated initially, these perspective changes into the categories of “Perspectives
on Mathematics” and “Perspectives about Self,” the intertwining of their beliefs about
mathematics, teaching and learning mathematics, and their ability in mathematics form such a
dynamic relationship that separating statements into these categories felt like a reduction of sorts.
Therefore, below are participant statements about changes in their viewpoints after participation
in this non-traditional mathematics content course.

¢ In the beginning of [this] class | thought she would be a teacher from the textbook
like every other kind of math class I have took in the past. But with [this] class it was
different. She not only took a little from the standard textbook but from her own
ways. She makes us think outside the box... This class has opened my eyes to a new
math world, a math world that I will gladly share with my students and colleagues
over the years that will come.

e During the course of this past semester | have learned so much. | was apprehensive
taking what | felt was a lower level math class again. Because | am not good at math
and have never had good math instructors | felt that it would be like every other
generic math class | have ever taken; the kind of class where the teacher stands in the
front of the classroom and lectures and teaches only from the book and the examples
come straight from the book and no further. However this class challenges its students
to think outside the box and to get the answer by thinking in a non-traditional sense.

Discussion
The structure, format and experiences designed as part of this non-traditional mathematics
course served to empower participants both mathematically and pedagogically. The word
empowerment encompasses feelings about capability as well as self-confidence (Ernest, 2002).
This course eliminated traditional lecture (focused on procedural reasoning) as a primary source
of instruction and instead focused on problem-based instruction, student-led solutions, and
collaboration time (Gasser, 2011). This study found that the format of class practice affected

students in that they reported feeling more confident in their mathematical prowess as well as
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their ability to teach the mathematical topics covered in the course which supports Anderson and
Piazza’s findings (1996). For instance, participants stated

e | think, in general, most of the experiences in this course have enhanced my
confidence and enthusiasm for mathematics. Being encouraged to work with out-
of-the-box algorithms has expanded my perceived horizons and opened up a new
field of interest for me.

e | used to view all mathematics very negatively because | was never good at it.
However, in here by using visual manipulatives and other methods | was able to
better understand mathematics, therefore I can feel more confident about
it....because this class gave me a better understanding of mathematics I am able to
enjoy it more, instead of being stressed out by it.

While the results of this study are not intended to be generalized, it may be used to inform
pre-service teacher preparation programs as well as point to future directions to pursue in
research on this topic. After investigating the results of this study, one area for future studies
would be to examine how and why pre-service teachers assimilate new ideas to fit existing
beliefs rather than accommodate their existing beliefs to internalize new ideas. Moreover, since
this study focused on perturbing a variety of mathematical beliefs and found that those perturbed
most were seemingly impacted the most, future studies might focus on perturbing specific
mathematical beliefs throughout a course to observe the effect on belief structure.
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The need for spatial thinkers is evident in the lackluster performance of students in mathematics
and the lack of interest in spatially-driven fields. Research has linked spatial thinking to
problem solving, indicating that spatial thinking skills are necessary for success in mathematics.
This embedded case study examined how the inclusion of spatial tasks influenced problem-
solving performance, spatial thinking ability, and beliefs of undergraduate mathematics students.
Data were collected through quantitative and qualitative instruments. Findings suggest the
inclusion of spatial thinking tasks has an influence on students’ spatial visualization ability,
problem-solving strategies, and beliefs about the relevance of spatial thinking.

Spatial thinking is not only necessary for success in many aspects of daily life, but it is also
an essential skill for the STEM fields of Science, Technology, Engineering, and Mathematics,
from which many scientific discoveries and progress are made (NRC, 2006). The importance of
spatial thinking throughout a child’s kindergarten through grade-12 education is emphasized in
the geometric standards set forth by the National Council of Teachers of Mathematics (NCTM,
2000). This recommendation is mirrored through the work of the National Research Council
(NRC), which asserts that spatial thinking is a learnable skill that should be matriculated
throughout a student’s educational experience. Spatial activities are a worthwhile investment in
the mathematics classroom, since the skill of spatial thinking has been repeatedly linked to
problem solving (Battista, 1990; Edens & Potter, 2007; Moses, 1977).

Meaningful mathematics learning is almost always based in spatial imagery. While some
forms of mathematical reasoning do not require imagery, the majority of mathematical activities
involve a spatial component (Wheatley & Abshire, 2002). But what does it mean to think
spatially? Super and Bachrach (1957) describe the skill as the ability to generate, retain,
compare, retrieve, manipulate, and transform well-structured mental images. The inclusion of
these images through well designed spatial tasks could lead to more effective problem-solving
strategies and improved instructional strategies in the classroom. For these changes to be made,
present and future students must be given the opportunity to engage in spatial thinking whenever

possible, especially in the mathematics classroom.
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Overview of the Study

The purpose of this embedded case study was to understand how the inclusion of spatial
tasks influenced undergraduate students’ spatial visualization ability, problem-solving strategies,
and beliefs about spatial thinking. Despite decades of reform, the U.S. still trails economic
competitors like Japan (National Center for Education Statistics, 2003). One explanation could
be the lackluster ability of U.S. students to think spatially and problem solve with regard to
mathematics. As a result, this study examined undergraduate students’ abilities and beliefs
regarding spatial thinking by addressing the following research questions:

1. How does the integration of spatial activities in an undergraduate mathematics content

course impact student spatial ability?

2. In what ways does the integration of spatial reasoning tasks into an undergraduate

mathematics content course influence problem-solving strategies?

3. How does the integration of spatial reasoning tasks influence the beliefs on spatial

thinking of pre-service elementary teachers?

The participants were 33 undergraduate students enrolled in the researcher’s Fall 2011
Survey of Mathematics course. Quantitative data were collected through the Purdue Spatial
Visualization Test (PSVT), the Mathematical Processing Instrument (MPI), and the Spatial
Thinking Attitude Survey (STAS). Qualitative data were garnered through student-written
journal responses, focus group interviews, and observations. A focus group was formed and was
comprised of 17 participants who were pre-service elementary education majors. This group met
on three separate occasions throughout the study to discuss topics related to the study. The
purpose of the focus group was to give deeper insight into the participants’ experiences with the
study as well as beliefs about spatial thinking.

Implementation began with a description of the study followed by the pre-measures of the
PSVT, the MPI and the STAS. During the following eight weeks, a range of daily spatial
thinking activities as well as reflective journal prompts were incorporated into classroom
practices. For example, one in-class activity asked students to draw the net of a three
dimensional figure that they were not allowed to touch. Once the student had completed their
drawings, they were asked to share results with the entire class. Activities such as this sparked
class discussions, allowing for insightful student observations. These activities would take up

approximately 10 minutes of class each day. Then, if further discussion was appropriate, a
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journal prompt would be given as a follow up. During the final two weeks of the study, the final
focus group discussion was held, and post-measures of the PSVT, the MPI, and the STAS were
executed and scored. These data were collected and fully analyzed.

Results from the quantitative data were used to determine if the integration of eight weeks of
spatial activities resulted in significant differences in scores on the PSVT, the MPI, and
individual statements on the STAS. Analysis of the qualitative data—responses to journal
prompts, focus group interviews, and observations—was used to examine the influence of the
spatial tasks on the perceptions and beliefs about spatial thinking on students and pre-service
elementary teachers. Moreover, the same data were used to evaluate how pre-service teachers
viewed their own understanding of spatial thinking and its relevance in their daily lives and
future classrooms. After the quantitative data had been scored and tested and the qualitative data
had been coded and themed, the data were analyzed in its entirety and conclusions were drawn.

Summary of the Findings
Spatial Tasks and Spatial Ability

The first research question investigated the influence of spatial tasks on students’ spatial
visualization abilities. Bruner (1973) believed children explore new things first through action
then through imagery before, finally, using language to describe and comprehend the world
around them. Through this reasoning, spatial thinking is a necessary step to learning.

To help investigate the first research question, both qualitative and quantitative data were
collected and analyzed. Qualitative analysis on student-written responses and focus group
discussions revealed that students believed their spatial thinking abilities could improve with
practice. This was encouraging given the fact that 60.6% of the class described themselves as
possessing average or below-average ability at best in response to a journal prompt which asked
students to describe their ability to think spatially. Using quantitative analysis, the PSVT served
as a pre- and post-measure to assess student spatial visualization ability. The PSVT, developed
by Guay (1980), was comprised of three parts: Developments, Rotations, and Views. The
Developments section (PSVT/DEV) measured spatial structuring; the Rotations section
(PSVT/ROT) measured mental rotation ability; while the Views section (PSVT/VIEW)
measured spatial perception. Initial assessment of the data revealed an increase in test scores and
a decrease in the number of incomplete responses. The DEV, ROT and VIEW sections of the

PSVT showed a 27.9%, 33.3% and 60% increase in correct responses from the pre- to post-
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results, respectively. The individual increases resulted in an overall increase of 38.2% on the
total scores from the pre-PSVT to the post-PSVT. Paired samples t-tests were conducted to
evaluate whether these changes were significant.

A t-test was performed on each of the three pre- and post-results individually and later on the
overall scores. The results of the quantitative analysis revealed a difference in the scores for all
areas tested. Notably, these changes were most evident in the overall pre-PSVT scores
(M=14.27, SD=6.71) and the overall post-PSVT scores (M=19.73, SD=7.64), with t(32)=6.2,
p=0.0000006. Specifically, these results suggest that inclusion of spatial activities for eight
weeks increased the students’ ability to think spatially, as measured by the PSVT. These results
support the NRC’s (2006) assertion that spatial thinking can be learned.

Spatial Tasks and Problem Solving

The second area of focus in this study involved spatial thinking and problem solving.
Specifically, the second research question sought to identify ways for which the inclusion of
spatial tasks influenced mathematical problem-solving strategies. Learning to solve problems is
a principal reason for studying mathematics. Problem solving is engaging in a task for which the
solution method is not obvious or known in advance, and NCTM (2000) strongly believes this
activity is an integral part of mathematics learning. Wu (2004) identified two problem-solving
cognitive processes: the factor-analytic approach and the information-processing approach. The
former approach is generally empirical, and one factor in this area is visual perception—the
concept that spatial/visual aptitude, however strong, will play a role in mathematical problem
solving. Several studies support this conjecture (Battista, 1990; Edens & Potter, 2007).

Analysis of the relevant qualitative data collected in this study exposed several themes that
involved problem solving. Students felt their problem-solving skills could improve with practice
and were important for everyday situations. Participants in this study also believed that spatial

29 ¢¢

thinking was a unique way of thinking. Phrases such as “new way of thinking,” “creative
thinking,” and “spatial mindset” were just a few of the descriptions that surfaced when
discussing spatial thinking. Students’ perceptions of this “unique” way of thinking did not
hinder them from using the skill to aid in problem solving as measured by the MPI.

The MPI1 was used as a measure to identify the students’ preference for solving problems
using a visual or non-visual approach. Schematic imagery, as defined by Hegarty and

Kozhevnikov (1999), was used when scoring this instrument. Of the 660 possible questions

Proceedings of the 40t Annual Meeting of the Research Council on Mathematics Learning 2013 | 71



given to the 33 students on the MPI, 55.6% of the questions on the pre-MPI were attempted
using a spatial approach. This percentage rose to 62.3% on the post-MPI. The average grade on
the pre-MPI to post-MPI changed as well, increasing from 60.6% to 67.7%. As with the PSVT,
a t-test for paired samples was used to compare the students’ preference for using a visual-spatial
approach for problem solving before and after eight weeks of spatial task implementation. A
significant difference was revealed in the scores for the pre-MPI (M=4.76, SD=14.16) and the
post-MPI1 (M=8.76, SD=15.94) conditions; t(32)=2.42, p=0.021. These results suggest that
inclusion of spatial tasks had an effect on the participants’ preference for using a spatial
approach when solving problems on the MPI. Specifically, these results suggest that the
inclusion of spatial activities increased the preference for using schematic drawings and,
therefore, a spatial approach when solving mathematical problems.

This study showed a positive correlation between the PSVT and the MPI, and thereby
strengthened the body of existing literature on the relationship between spatial thinking and
problem solving. Improvement on one post-measure typically indicated improvement on the
other. Through journal responses and discussions, participants stated they had “more confidence”
when taking the MPI the second time. Fisher (2005) explained that “visual expression provides a
means of formulating and solving problems” (p.16), so improvement on these two instruments
makes sense. Based on these results, it is apparent that exercises in spatial thinking affect spatial
ability as well as one’s preference for using a spatial approach when problem solving in
mathematics. A change in students’ beliefs seems like a logical extension of the change in
students’ confidence and ability.

Spatial Thinking and Pre-service Teachers’ Beliefs

In addition to examining the influence spatial tasks had on ability, this study explored the
impact of spatial activities on beliefs of pre-service elementary teachers. The beliefs of pre-
service teachers are an important component of spatial thinking and problem solving, since
research has shown that teachers who are more confident in their own spatial abilities are more
likely to use such strategies in their classrooms (Battista, 1990; Presmeg, 1986). Qualitative
analysis on the STAS showed considerable change in teacher beliefs concerning the usefulness
of spatial thinking outside of mathematics.

The STAS, developed by Hanlon (2009), was a 15-question, five-point, Likert-type survey

that partially focused on measuring beliefs regarding spatial thinking. Notably, question number
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four asked if “spatial thinking skills are useful in other areas besides mathematics.” Seven of the
17 students answered “Disagree” or “Strongly Disagree” on the pre-STAS. This number
dropped to only two the post-STAS. A t-test for paired samples was used to measure for
significant change in responses on all 14 questions of the STAS. A significant change was found
for the following seven areas of spatial thinking and geometrical drawing: Spatial thinking skills
are important for students to be successful at the elementary school level; | am sure that | can
improve my spatial thinking abilities; Spatial thinking skills are useful in other areas besides
mathematics; Spatial thinking skills can be developed; | will incorporate spatial thinking
activities into the classroom; I can see spatial thinking in many aspects of my daily life; | am
confident that | can draw geometric shapes accurately.

These results indicate that eight weeks of spatial tasks changed the beliefs of pre-service
elementary teachers. Specifically, after the implementation of spatial activities, the participants
were more likely to believe that spatial skills are malleable, useful outside the mathematics
classroom, and worthy of inclusion in future curricula. The exercises students experienced
throughout the eight weeks of implementation promoted understanding of spatial concepts and
allowed students the opportunity to identify other areas where spatial skills are useful.

Concluding Comments

The need for practiced spatial thinkers is evident in the growing concern over performance of
U.S. students in mathematics as well as lack of interest in the spatially driven fields of STEM. In
addition to this need, spatial thinking is a beneficial skill that reaches beyond the STEM fields, as
good problem-solving techniques are valuable for everyday life. Since spatial thinking is related
to problem solving, and problem solving is important in many facets of life, spatial thinking
should be a skill that is fostered and encouraged within the classroom.

According to NCTM (2000), problem solving is an integral part of all mathematics learning.
Therefore, students must be given the opportunity to foster this skill from the beginning to the
conclusion of their educational experience. Thankfully, research, including this study, has
shown that this vital skill can be improved as late as post-secondary school. Spatial skills need
to be intentionally nurtured if educators desire to give students a global competitive edge and
help students develop an effective arsenal of strategies to problem solve. While this skill is not
explicitly tested by state exams, the benefits of honing spatial skills will pay off long after the

final bells of a classroom have rung. If the purpose of education is to create productive citizens
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to advance our way of life, then spatial thinking must be incorporated into the classroom. To do
this, we must first equip our future teachers.

The role of research concentrating on pre-service teachers’ spatial thinking and spatial ability
needs to be a priority if change is desired. The spatial thinking and beliefs surrounding spatial
thinking of pre-service educators is a critical component to the likelihood of this skill being
fostered in future mathematics classrooms. The spotlight is now on teacher education programs,
because pre-service teachers must first be proficient spatial thinkers before they are able to infuse
this skill into their own teaching methods. Mathematics courses—especially those required for
education majors—should be used as a fundamental piece to this design. In conclusion, for
change to occur, inclusion of spatial thinking and spatial thinking activities must permeate the
mathematics classrooms and teacher education programs of today and tomorrow.
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STUDENT CONCEPTIONS OF “BEST” SAMPLING METHODS: INCREASING
KNOWLEDGE OF CONTENT AND STUDENTS (KCS) IN STATISTICS
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Many students enter statistics courses with misconceptions regarding sampling methods. This
article presents results of a study that: (1) provides an empirical analysis of the nature of two
common student misconceptions and (2) introduces a hypothetical learning trajectory for
strengthening students’ understanding of sampling methods.

Virtually every inferential statistical method taught in introductory statistics courses assume
the data comes from a simple random sample. Unfortunately, most students (and many textbook
authors) confuse simple random samples with other types of samples (e.g. cluster samples) (Alf
& Lohr, 2007). Not only do students confuse different types of samples, some have deep-seated
misconceptions regarding what makes for a good sample. In particular, students often believe
that: (1) sample size must be relatively large (e.g., half of the population) in order to provide
reliable information about the population under study and (2) convenience samples are
representative and/or random. Since most introductory statistics courses share the goal of
facilitating students’ proficiency in conducting inferential statistical studies, it is essential for
instructors of these courses to possess a deep understanding of student thinking in order to
support student learning of appropriate sampling methods.

Theoretical Framework

Mathematics educators have long understood the importance of attending to students’ errors
and misconceptions in the learning process. Over the past three decades researchers have made
inroads into how errors and misconceptions are investigated. Initially, educators focused on
errors in student procedural skill, such as 32 — 17 = 25. These misconceptions were understood
as semantically meaningful (to the student) deviations from correct procedure, and termed “mal-
rules” or “buggy algorithms” (Brown & Burton, 1978). Efforts were made to help students
correct their misconceptions by identifying them, giving meaningful feedback, and providing
repeated corrective activities using technology (Burton, 1982). One early study of this type in
statistics education investigated student misconceptions of means and variances (Mevarech,

1983). This study provided evidence to support the hypothesis that students’ errors exist because
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they believe the operation of averaging two numbers possesses the group properties of closure,
associativity, identity, and inverses. Mevarech concludes that students’ misconceptions cannot be
corrected simply by repeatedly demonstrating the correct procedure in a lecture and discussion
setting. Rather, students must have the opportunity to receive feedback and engage in corrective
activities.

Li & Li (2008) note a shift in focus for mathematics education misconception studies from a
focus on deficiencies in reasoning (Brown & Burton, 1978) to a focus on the learning process
itself. They suggest that advances in science education misconception research have paved the
way for mathematics education researchers to better understand why student misconceptions are
so resistant to change. Specifically, studies suggest that students’ initial mathematical
understandings often exhibit process-like thinking (e.g., conceptual understanding of number
begins with counting). As students’ mathematical learning progresses, their understanding begins
to exhibit object-like thinking (e.g., a more abstract notion of number as a mathematical object).
Li & Li challenge researchers to develop theories of mathematical misconceptions that take this
shift in understanding into account. Perhaps misconceptions formed during process-like thinking
persist into students’ object-like conceptualizations of mathematics.

Even as we progress in our understanding of what underlies student misconceptions of
mathematics, just knowing about misconceptions is not enough. In an effort to answer Shulman’s
(1986) charge to develop a coherent framework of the knowledge necessary for effective
teaching, Ball, Thames, & Phelps (2008) propose the domains of mathematical knowledge for
teaching (MKT) (Figure 1). According to the primary MKT domains, successful teachers must
possess different types of content knowledge. First, teachers must know the content they are
teaching to students in a way that most people knowledgeable in the content area do. This
knowledge is referred to as common content knowledge (CCK). In addition to CCK, teachers
must also have knowledge of the content that enables them to understand the multiple ways
students interact with that content as they are learning. This type of knowledge is specialized
content knowledge (SCK) because it consists of unique knowledge of the content that teachers
must possess but a typical person knowledgeable of the content area would likely not.

The MKT framework divides content knowledge closely related to the teaching and learning
process (pedagogical content knowledge) into two primary domains: knowledge of content and
students (KCS) and knowledge of content and teaching (KCT). KCS pertains to the ways that
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students are likely to interact with and make sense of the content. This domain addresses
knowledge of misconceptions, common mistakes, and common points of confusion as well as
topics that students find easy to learn. KCT is the knowledge of content as it relates to
instruction. It addresses effective sequencing of content during the completion of learning tasks

as well as the content knowledge necessary for choosing appropriate examples.
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Figure 1. Domains of Mathematical Knowledge for Teaching (Ball, Thames, & Phelps, 2008)

The research reported in this paper investigates pedagogical content knowledge for statistics
teachers. There is widespread agreement that teaching mathematics and teaching statistics, while
certainly related, are distinctly different enterprises. In fact, Groth (2007) has proposed a
framework for statistical knowledge for teaching. This framework describes the unique ways that
statistics as the subject matter (the left side of Figure 1) influence both CCK and SCK. Drawing
on the notion that context distinguishes statistics from mathematics, Groth makes explicit the
ways that both mathematical knowledge and nonmathematical knowledge must be activated
within CCK and SCK when teaching statistics.

This present study focuses on the right side of Figure 1 in general, and KCS in particular.
Specifically, | seek to deepen our understanding of the ways students understand and think about

what makes a sample “good” in a simple statistical study. When considering the evidence from
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this study, it is important that we follow Groth’s lead and consider the types of nonmathematical
knowledge that students may be activating when conceptualizing appropriate sampling methods.

While many studies have investigated students’ conceptions and misconceptions of average,
variability, distributions, sampling distributions, and correlation (Shaughnessy, 2007), few
specifically investigate students’ conceptualizations of sampling methods. To be sure, many
statistics education teaching resources contain quality tasks that challenge students to develop a
sound understanding of issues involved in selecting representative samples (Franklin et al., 2007;
Rossman & Chance, 2008; Warton, 2007); however, it appears that most of these resources were
developed using authors’ experience and expertise in teaching statistics rather than empirical
studies of student thinking.

For example, Warton (2007) presents a task that requires students to estimate the size of their
vocabulary using a dictionary. In the process of completing this task, students must select a
representative sample of words from the dictionary — a nontrivial subtask. The article mentions
that it is important to discuss potential sampling methods (highlighting their strengths and
weaknesses) and reports that students commonly ask questions such as "But how many samples
should | take?", "How do I decide how precise | want my estimate to be?" and "Why not use a
systematic sample rather than a random sample?" While these sample questions provide helpful
insight regarding what to expect when this task is implemented with students, an analysis of
students’ conceptualization of the issues involved in sampling is not given. An analysis of this
sort would provide helpful information to teachers who wish to implement this and other tasks
focused on sampling methods.

Methods

This study was conducted to better understand student ways of thinking related to sampling
methods misconceptions | have observed in 14 years of teaching introductory statistics courses.
One prevalent misconception is the belief that samples must be very large (e.g. half the size of
the population) to be representative. A second common misconception is the belief that a
convenience sample is an acceptable sampling method for gathering data useful for drawing
sound inferences about the population of interest.

Participants in this study included 22 members of an introductory statistics class. These
students completed a pre-test for the course in which they were asked to answer a question

regarding the best way to take a sample from all students at a university in order to gauge the
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opinion of the student body. This question is designed to reflect a situation where a simple
random sample is required in order to analyze the data with standard inferential statistical
methods taught in an introductory statistics course. The question is a modified version of a
question found at the NSF funded ARTIST (Assessment Resource Tools for Improving
Statistical Thinking) website (Garfield, 2006) and is as follows:

Four students at XYZ University (Ashley, Jake, Adam, and Keisha) conduct

surveys to gauge the opinion of the student body on various political issues. The

student body is 30,000 students. Ashley got the names of all students at XYZU,

put them on pieces of paper in a large plastic container, mixed them well, and

chose 120 students to ask. Jake asked 50 students at a meeting of the computer

gaming club. Adam asked all 8,293 students who are sophomores. Keisha set up

a booth outside of the student union and asked people passing by to fill out a

survey. She stopped collecting surveys when she got 120 students to complete

them. Discuss the benefits and limitations of each person’s sampling method.

Which method do you think is best?

At the beginning of the semester, students provided written feedback to this question and all
22 students explained their thinking during a video recorded semi-structured interview.
Subsequently, students learned standard introductory statistics topics including sampling
distributions, confidence intervals, and hypothesis testing through ANOVA and linear
regression. Lessons that targeted issues in the above modified ARTIST question included one
task that utilized the TI-Nspire and empirical sampling distributions to investigate how large
random samples need to be for a sample mean or proportion to provide a good estimate of the
population mean or proportion (Strayer, in press). Another task used decks of cards to simulate
the problems with taking convenience samples (see Appendix). At the end of the semester, the
22 participants completed the same assessment as a post-test and were again interviewed to
investigate their thinking on the above question. Student answers to the question were recorded
and the video interviews were transcribed. An analysis of data from the transcripts and written
responses was conducted using qualitative grounded theory methods of open coding, memo
writing, axial coding, and theory construction.
Results
Students’ choices for their preferred sampling plans at the beginning and end of the semester

are shown in Table 1. In the pre-test, 59% of the students chose the correct answer of Ashley,
while 95% chose Ashley on the post-test. Incorrect answers were split evenly on the pre-test with

18% choosing Adam (large sample misconception) and 18% choosing Keisha (convenience
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sample misconception). All four of the students who chose Adam on the pre-test correctly chose
Ashley on the post-test, and three of the four students who chose Keisha on the pre-test chose
Ashley on the post-test.

Table 1

Number of Students Choosing Each Sampling Plan

Ashley Jake Adam Keisha
Pre-test 13 0 4 4
Post-test 21 0 0 1

Students’ reasons for choosing their preferred sampling plan varied widely. An analysis of
the pre and post interview data revealed a three tiered structure to the misconceptions the
students had regarding appropriate sampling methods. At the lowest level, students had three
distinct general misconceptions. Some students placed an inordinate amount of attention on
whether or not the sampling plan was efficient. If a sampling plan was too difficult to carry out,
it was dismissed. For instance, some students said it was too difficult for Ashley to fit all the
names of the students in a hat, so she shouldn’t do it. While efficiency should be attended to (for
instance, it would not be advisable to conduct a census in this study), some students had an
underdeveloped sense of efficiency that interfered with their understanding of the benefits of
choosing a random sample in this case. A second misconception at this lower level is the belief
that researchers must have an extremely large sample in order to produce reliable results.
Finally, many students held the belief that it is critical to the success of the study for people in
the sample to care about the survey topic.

Students with a more developed understanding of issues involved in sampling recognized the
benefits of having a random sample, but they possessed misconceptions of what makes for a
random sample. Some students felt that if the sample was diverse, then it was random. So long
as there was a good mix of people, it was random. Others expressed that if there was a
haphazard way of selecting sample participants (“no rhyme or reason”), then the sample was
random. Finally, some students felt that if the sample was a volunteer sample, then it was
random. Since the sample participants “randomly” came up to the researcher and were not
chosen by the researcher, the sample was random. In part, these misconceptions likely stem from

a colloquial understanding of random as a surprising or unexpected event.
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At the highest level of reasoning about the sampling methods, students understood the
importance of having a sample that is representative of the larger population. However,
misconceptions of what makes a sample representative persisted. For example, some students
perceived diversity in the sample as a sign that it is representative. Other students held the belief
that as long as the entire population was available to be chosen for the sample, then the sample
was representative. Very few students recognized the need for all members of the population to
have an equal chance of being a part of the sample in order for the sample to be truly random (a
simple random sample) with a high probability of being representative.

A majority of students in this study showed progress toward deepening their statistical
reasoning from pre to post interview. This observed progress followed paths along the three-
tiered structure described above, suggesting a hypothetical learning path (Clements & Sarama,
2004) along which students may tend to progress as they develop the necessary understanding of
what it means to have a good sampling plan.

Conclusion

Students can acknowledge the importance of random sampling in a statistical study yet have
a limited understanding of what this means. Indeed, understanding can be confounded by the fact
that it is often difficult or impossible to conduct true random samples of populations in specific
contexts (e.g. the common context of predicting elections). In the midst of this messiness, how
can teachers help students conceptualize appropriate sampling methods for a research study?
This project sought to answer this question by developing KCS with regard to how students
understand sampling methods ideas. The results of this study suggest a hypothetical learning
trajectory along which students may travel as they think through critical issues associated with
choosing representative random samples from populations.
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APPENDIX

To use two decks of cards to simulate the shortcomings of convenience sampling,
separate the decks into black and red cards. Place all the black cards on top of the red ones and
without showing the color of the cards to the class, tell the students that we are interested in
taking a sample from this stack (the population) using a similar sampling plan as Keisha. The
goal of the study is to determine the percentage of black cards in the stack. Have a student
volunteer to be Keisha and ask, “Did Keisha have a choice of which students came by the student
union the day she took her sample?”” Once there is agreement that Keisha had no choice of who
walked by, select cards from the top of the deck so that all of them or nearly all of them are black
and (without showing the color) give them to “Keisha” saying that these are the “cards” that
“walk by” her, so these are the cards “Keisha” has to choose from. Now, “Keisha” gets to choose
her sample from this stack however she wants, but she cannot look at the color until she has
chosen the sample. After “Keisha” takes the sample, have the student look at the color of the
cards in the sample and predict what percentage of the stack is black. Since the sample will be
nearly 100% black, “Keisha” will predict that nearly 100% of the larger stack is black as well. At
this point show the class the colors of the cards in the entire stack (i.e. population). A class
discussion of the shortcomings of convenience sampling can be lead using the following key
questions: 1) What aspects of the sampling plan did Keisha have control over and what aspects
of the sampling plan did Keisha not have control over? 2) In what ways does Keisha’s plan feel
random? and 3) How is Keisha’s plan deceiving, if the goal is to get a sample that represents the

population well?
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PREPARING K-10 TEACHERS THROUGH COMMON CORE FOR REASONING AND
SENSE MAKING!

Jonathan Bostic Gabriel Matney
Bowling Green State University Bowling Green State University
Bosticj@bgsu.edu Gmatney@bgsu.edu

There looms an uncertainty about the Common Core State Standards for mathematics for many
teachers. Teachers have indicated that they want professional development (PD) focused on
learning about the new standards (Bostic & Matney, in press). This manuscript describes PD
programs for K-10 mathematics teachers and offers results from one activity aimed to help
teachers unpack the Standards for Mathematical Practice (SFMP). Four major themes arose
from interpretive analysis of teachers’ perceptions of the SFMP. These findings suggest (1) the
PD supported teachers to make sense of the SFMP and (2) teachers may have misperceptions
about the SFMP that require further PD.
Standards for Mathematical Practice

Mathematics instruction in the era of Common Core State Standards for mathematics
(CCSSM; Council of Chief State School Officers [CCSSO], 2010) will require teachers to
reevaluate their current instruction (National Council of Teachers of Mathematics [NCTM],
2010). The CCSSM built upon decades of work “to define the mathematics that students need to
know and be able to do” (NCTM, 2010, p. ix). A critical element of the CCSSM is the
overarching emphasis given to the Standards for Mathematical Practice (SFMP). The SFMP
offer descriptions of behaviors that students should demonstrate while learning mathematics. The
SFMP were created from two foundational texts: Principles and Standards for School
Mathematics (NCTM, 2000) and Adding it Up (Kilpatrick, Swafford, & Findell, 2001). NCTM’s
(2000) process standards are problem solving, reasoning and proof, communication, connections,
and representation. The notion of mathematical proficiency includes conceptual understanding,
procedural fluency, adaptive reasoning, strategic competence, and productive disposition
(Kilpatrick et al, 2001). Elements from the process standards and the mathematical proficiency
are evident in the SFMP. Unfortunately, these ideas are not evident in every classroom. Thus,
professional development must be designed to enhance teachers’ understanding of the SFMP and

ways to encourage these behaviors in their mathematics classrooms. These behaviors are not

1 This manuscript is supported by two Ohio Board of Regents Improving Teacher Quality grants. Any opinions
expressed herein are those of the authors and do not necessarily represent the views of the Ohio Board of Regents.
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isolated and often occur in tandem with one another because they are interrelated behaviors
(CCSSO0, 2010). For example, making sense of problems and looking for mathematical structure
are likely to occur during a problem-solving session. In order for students to elicit behaviors
indicative of the SFMP, teachers must design and enact instruction that allow students to wrestle
with mathematics content and its applications in an environment that supports and sustains
meaningful engagement with mathematics.

There is no prescribed set curriculum or pathway for teachers to encourage these behaviors in
their students; however, worthwhile tasks and mathematical discourse provide a vehicle for
supporting students’ mathematical thinking (NCTM, 2007). Video analyses of USA teachers’
instruction indicates that generally speaking, teachers are not promoting the process standards or
mathematical proficiency (Hiebert et al., 2005), much less the SFMP. Hence, mathematics
teacher educators should provide professional development that assists K-12 mathematics
teachers’ understandings of the student behaviors found in the SFMP and how those behaviors
can be promoted through their instruction. The purpose of this paper is to discuss K-10
mathematics teachers’ perceptions about the SFMP.

Professional Development

Teachers need professional development during the transition to the CCSSM. This PD “will
require practical, intensive, and ongoing professional learning - no one-off ‘spray and pray’
training” (Hirsh, 2012). An underlying goal of most professional development is to enhance
teachers’ understanding of content, pedagogy, or content-focused pedagogy. Results from a
national sample of more than 1,000 mathematics and science teachers indicated that three factors
are most likely to influence teachers’ practices: (1) connection to teachers’ prior experiences, (2)
alignment with standards, and (3) opportunities to share ideas with other teachers (Garet, Porter,
Desimoney, Birman, & Yoon, 2001). Engaging teachers with mathematics content in a way that
fosters hands-on learning and finding ways to integrate PD activities into a teachers’ daily life
led to longer lasting positive instructional outcomes (Garet et al., 2001). Thus, mathematics
teacher educators ought to focus on these factors to promote coherent PD.

A metaanalyis of PD suggests that there are some key features to designing effective
inservice teacher education (Guskey & Yoon, 2009). First, workshops and summer institutes
that focus on implementing research-based instructional practices, active learning, and

opportunities to adapt these practices in the classroom were highly correlated with positive

Proceedings of the 40t Annual Meeting of the Research Council on Mathematics Learning 2013

86



student outcomes. Second, PD led by university faculty or consultants outside of a school
district tended to foster more positive outcomes than PD delivered by school personnel. Third,
purposefully structured and directed PD that focused on content, pedagogy, or both and lasted
more than 30 contact hours was positively associated with improving students’ outcomes.
Fourth, activities that encourage teachers to adapt a variety of practices to a content area are
better than encouraging a set of “best practices”. That is, teachers ought to learn how to adapt to
novel situations and use a variety of teaching tools. Fifth, effective PD supports teachers’
content or pedagogical content knowledge and the PD is situated in knowledge drawn from how
students learn. Finally, effective PD includes follow-up activities after the main professional
development. With these features in mind for designing successful PD, two PD projects were
conducted in a Midwestern state in an effort to prepare teachers to implement the CCSSM. This
manuscript provides insight into one research question stemming from an activity conducted
during the projects: What are teachers’ perceptions of the SFMP? Teachers’ perceptions about
the SFMP will help mathematics teacher educators design and implement PD intended to focus
on the SFMP.

Method
Context of the Professional Development

This manuscript synthesizes results of an activity that occurred during two grant-funded
yearlong projects. Each author was a project director for one PD program and co-primary
investigator on the other. Teachers met four times for four-and-a-half hour sessions between
March — April 2012. Next, participants and instructors met for eight 8-hour days during June
2012. Finally, teacher